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^ ■ Abstract. We construct a quantum version of the Kirwan map from the equivariant quantum 

' cohomology QHg{X) of a smooth complex projective variety X with the action of a connected 

, complex reductive group G to the orbifold quantum cohomology QH{X//G) of its geometric 

invariant theory quotient X//G, and prove that it intertwines the genus zero gauged Gromov- 
Witten potential of X with the genus zero Gromov-Witten graph potential of X//G. Finally 
we give a formula for a solution to the quantum differential equation on X//G, in terms of a 
localized gauged potential for X. 
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1. Introduction 

This paper constructs a quantum version of the map studied by Kirwan [46] from the equi- 
variant cohomology to the cohomology of the geometric invariant theory (git) quotient, as 
suggested by Salamon and Ziltener [98], [99], [100], under the condition that the target is a 
smooth projectively-embedded variety with a connected reductive group action such that the 
stable locus is equal to the semistable locus. We then show that the quantum Kirwan map in- 
tertwines the Gromov-Witten graph potential of the quotient with the gauged Gromov- Witten 
potential of the action in the large area limit. In the physics language, the quantum Kirwan 
map relates correlators of a (possibly non-linear, non-abelian) gauged sigma model with those 
of the sigma model of the git quotient. As such, the results overlap with those of Givental [31], 
Lian-Liu-Yau [55], Iritani [39] and others. The connection to mirror symmetry is explained in 
the paper of Hori-Vafa [38]: because mirror symmetry for vector spaces is rather trivial, the 
non-trivial change of coordinates arises when passing from a gauged linear sigma model to the 
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sigma model for the quotient. Since the quantum Kirwan map is defined geometrically, it can 
be rather difficult to compute and the algebraic approach in [31], [55] is more effective in cases 
where it applies. However the geometric approach pursued here has the advantage over the 
approach in [31], [55] that there are no semipositivity assumptions on X//G or abelian-ness 
assumptions on the group G. Also, X can be a projective variety rather than a vector space. 

To explain the gauged Gromov-Witten potential, recall that the equivariant cohomology of 
a G-space X is the cohomology of the homotopy quotient Xq = EG Xq X where EG — > BG 
is a universal G-bundle. Equivariant quantum cohomology should count maps u : C ^ Xq 
where C is a curve equipped with some additional data and u is a holomorphic map. Any such 
map can be viewed as a map to BG = EG/G together with a lift to Xq- Holomorphic maps 
to BG correspond to holomorphic G-bundles, and so a holomorphic map to Xq is given by a 
holomorphic G-bundle P ^ G together with a holomorphic section of the associated X bundle 
u : G P{X) := P XqX. Givental [31] had earlier introduced an equivariant Gromov-Witten 
theory, base on equivariant counts of maps from a curve to X. These counts give rise to a 
family of products on the equivariant quantum cohomology QHq{X) = Hq{X) A^ where 
convergence issues are solved by the introduction of the Novikov field A'^ C Hom(ff2'(X, Z), Q). 
In the language of maps to the classifying space Xq, Givental's equivariant Gromov-Witten 
theory corresponds to counting maps from G to Xq whose image lies in a single fiber of the 
projection Xq BG, that is, such that the G-bundle is trivial. In order to distinguish this 
theory from Givental's, we will call the theory with non-trivial bundles gauged Gromov-Witten 
theory, and call the map u : G ^ Xq a gauged map to X. 

Gauged Gromov-Witten invariants should be defined as integrals over moduli spaces of 
gauged maps. In order to obtain proper moduli spaces one needs to impose a stability or mo- 
ment map condition as well as compactify the moduli space by, for example, allowing bubbling. 
Mundet and Salamon's work, see [16], provides a symplectic approach to the moduli spaces 
of gauged maps and construction of invariants in the case that the target is a vector space. 
Mundet's thesis [66] connects the symplectic approach to an algebraic stability condition, which 
combines the Ramanathan stability condition for principal bundles with the Hilbert-Mumford 
stability for the action. Schmitt [83], [84] had earlier constructed a Grothendieck-style com- 
pactification in the case that the target is a smooth projective variety, while in the symplectic 
setting Mundet [67] and Ott [77] show that the connected components of the moduli spaces of 
semistable gauged maps have a Kontsevich-style compactification. 

In general, one needs virtual fundamental cycles to define integration over the moduli spaces. 
Here we restrict to the case that the target X is a projective G- variety and note that a pair 
{P G,u : G ^ P{X)) is by definition a morphism from G to the quotient stack X/G 
introduced by Deligne-Mumford [21]. We then use the theory of virtual fundamental classes 
developed by Behrend-Fantechi [9], based on earlier work of Li-Tian [54], to define gauged 
Gromov-Witten invariants. The symplectic geometry is then only used as motivation, and 
to show that the Deligne-Mumford stacks that arise are proper. Of course it is desirable to 
have semistable reduction theorems to show properness but from the algebraic perspective 
even the stability conditions are somewhat obscure and we prefer the symplectic route to 
properness. A good example is the moduli space of semistable bundles on a curve, where 
properness is immediate from the Narasimhan-Seshadri description as unitary representations 
of the fundamental group but semistable reduction is somewhat tricky. 
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The theory of gauged Gromov-Witten invariants in genus zero fits into an algebraic for- 
malism that is a "complexification" of the theory of homotopy associative, or Aoo , algebras 
introduced by Stasheff [86]. In the story, which roughly corresponds to "open strings" in 
the mathematical physics language, one has notions of algebras, A^o morphisms, and A^o 
traces. These notions are associated with different polytopes called the associahedra, multipli- 
hedra, and cyclohedra respectively. The complexifications of these spaces are the Grothendieck- 
Knudsen space A^o,n of stable n-marked genus curves, Ziltener compactification 7W„^i(A) of 
n-marked 1-scaled affine lines, and the Pulton-MacPherson space Aln(P) := Alo,n(IP; [IP]) of 
stable n-marked, genus maps of class [P] to the projective line P respectively. The first space 
leads to the notion of genus zero cohomological field theory ( CohFT), in particular, a CohFT 
algebra given by the invariants with multiple incoming markings and a single outgoing marking. 
The second space is associated to the notion of morphism of CohFT algebras, and the third to 
the notion of trace on a CohFT algebra. The following is proved in Gonzalez- Woodward [33], 
and is reviewed in Theorem 7.20 below. 

Theorem 1.1 (Gauged Gromov-Witten invariants). [33] Let X be a smooth polarized projective 
G-variety and C a smooth connected projective curve. Suppose that every semistable gauged 
map is stable; then the category of stable gauged maps is a proper Deligne-Mumford stack 
equipped with a perfect obstruction theory. The gauged Gromov-Witten invariants (T^'")n>o '■ 
QHg{XY X Hn{Mn{^)) Ax define a trace on QHg{X). 

The gauged Gromov-Witten invariants are also defined for polarized quasiprojective varieties 
under suitable properness assumptions for the moduli stacks of gauged maps, for example, if the 
polarization corresponds to an equivariant symplectic form with proper moment map convex 
at infinity. In particular, gauged Gromov-Witten invariants are defined for a vector space X 
equipped with the action of a torus G such that the weights are contained in an open half-space 
in the space of rational weights; this condition implies in particular that the quotient X//G is 
proper under the stable=semistable condition. 

One can organize the gauged Gromov-Witten invariants into a formal gauged Gromov- Witten 
potential 

n>0 

The splitting axiom implies that the bilinear form constructed from the second derivatives of 
the potential is compatible with the quantum product *a on To,QHg{X) in the usual sense. 
However this bilinear form will usually be degenerate and so will not define a family of Frobenius 
algebra structures. It is convenient to throw into the definition of the trace certain Liouville 
classes on the moduli space of gauged maps, in which case, if G is trivial, becomes equivalent 
to the graph potential considered in Givental [31]. 

From the definition of Mundet stability one expects the gauged Gromov-Witten invariants 
to be related in the limit that the equivariant symplectic class [wx,g] approaches infinity to 
the Gromov-Witten invariants of the quotient X//G, or more precisely, to the genus zero graph 
potential for the geometric invariant theory quotient X//G 

rx//G ■■ QH{X//G) ^ kx//G- 

For our purposes, it is more natural to work over the larger Novikov field A^. From the 
symplectic point of view the study of the large area limit of the vortex equations was initiated 
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by Gaio-Salamon [29] and Ziltener [98], who suggested a map : QHq{X) — >■ QH{X//G) by 
counting "affine vortices" . By a Hitchin-Kobayashi correspondence with Venugopalan [92] , [93] 
these maps correspond to the fohowing algebraic objects: 

Definition 1.2. (Affine gauged maps) In the case that X//G is a free quotient, an affine gauged 
map to X consists of a tuple 

(p : P ^ P, A : P ^ T^P (g) 0(2oo)), M : P ^ P{X),z G (P)") 

consisting of 

(a) (Scaling form) a meromorphic one-form A on P with only a double pole at oo G P (hence 
inducing an affine structure on P — {oo}); 

(b) (Morphism to the quotient stack, stable at infinity) a morphism P — > X/G^ consisting 
of a G-bundle p : P — )> P and a section u : P ^ such that u{oo) is contained in 
the open subvariety P{X^^) associated with the semistable locus X^^ C X; and 

(c) (Markings) an n-tuple of distinct points z_ = (zi, . . . , Zn) G (P)". 

In the case that the action of G on the semistable locus of X is only locally free we also 
allow a stacky structure at infinity. That is, for r > an integer we denote by the group of 
r-th complex roots of unity and by 

P[l,r] := (C2-{0})/C^ 

the weighted projective line with a ;Ur-singularity at oo, where acts on with weights 1, r. 
The morphism u is then required to be a representable morphism from some P[l,r] to X/G. 

Theorem 1.3 (Quantum Kirwan Morphism). Suppose that X is a projective G-variety equipped 
with a polarization such that every semistable point is stable. Integrating over a compactified 
stack of affine gauged maps defines a morphism of CohFT algebras 

4 : QHg{X) ^ QH{X//G). 
By definition a morphism of CohFT algebras consists of a sequence of maps 

K^'" : QHg{XT X H(Mn,i{^)) ^ QH{X//G), n > 
satisfying a splitting axiom that guarantees that the formal map 

: QHciX) ^ QH{X//G), a ^ ^ ^)/^- 

n>0 

G 

induces a *-homomorphism on each tangent space. In the case that the curvature k-^' of the 
quantum Kirwan morphism vanishes, one obtains in particular a morphism of small quantum 
cohomology rings 

4'' : ToQHciX) ^ ToQH{X//G). 
In this sense, morphisms of CohFT algebras can be considered as non-linear generalizations of 
algebra homomorphisms. 

More precisely the quantum Kirwan morphism is defined by virtual integration over a com- 

Q 

pactification A4„^^(A, X) of the moduli stack of affine gauged maps equipped with evaluation 
and forgetful maps 

ev X evoo : Mn,ii^, X) ^ (X/G)" x Ix//g, f ■ A^n,i(^' ^) ^ ^nA^) 
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where -^x/G is the rigidified inertia stack appearing in orbifold Gromov-Witten theory. Proper- 
ness of this moduh space follows from compactness results of Ziltener [98], [100] (for afhne 
vortices) and a Hitchin-Kobayashi correspondence for afHne vortices due to Venugopalan and 
the author, to appear. This space again has a perfect relative obstruction theory, and pull-push 
using the virtual fundamental class gives rise to the maps From the physics point of view, 

Witten [97] explained the relationship between correlators in gauged sigma models and sigma 
models with target the symplectic quotient as a kind of "renormalization" given by "counting 
pointlike instantons" . The "quantum Kirwan map" is a precise mathematical meaning for this 
statement for arbitrary gauged (possibly non-linear) sigma models. 

Despite the complicated-looking definition, the stack of affine gauged maps is easy to under- 
stand in simple cases. 

Example 1.4. (Toric orbifolds) Let X a vector space and G a torus with Lie algebra q acting 
with weights G contained in a half-space a real form g^. Assume that sta- 

ble=semistable, so that the quotient X//G is a proper toric Deligne-Mumford stack. Then 
A1^]^(A, X) is isomorphic to the stack of morphisms u from A to X (that is, X-valued polyno- 
mials in a single variable) satisfying the following conditions for any d € 0q: 

(a) (Degree Restriction) the j-th component Uj of u has degree at most {d, fj,j),j = 1, . . . ,k, 
that is, 

Uj{z) = ajfl + Oj- iz + . . . + flj- L(<i,^^)jzL('^'''^'^J 
for some constants Qj k G C If {d, fij) is not an integer let = 0. 

(b) (Stability condition) The collection of leading order coefficients 

n(oo) := (a,,(,,^^)),tiGX-PW 

lies in the semistable locus X^^ of X and so defines a point in the substack of the inertia 
stack given by {exp(d) x x<=^p('^)''^'^}/G C Ix//g- 

If X//G is Fano with minimal Chern number at least two then k^(0) = and Dqk^ is an 
algebra homomorphism of small quantum cohomologies. Thus knowing the map Dqk'^ allows 
to give a presentation of the small quantum cohomology of X// G. 

(a) (Projective space) If G = acts by scalar multiplication on X = C'^ then there is a 
unique morphism n : A — )> X such that all components have degree 1, 

u{z) = {aifl + ai,iz, . . . , akfl + afc,i^) 

with marking at zi = 0, given limit at infinity 

evoo M = [ai,i , . . . , afc,i] G P'^"^ = X//G 

and vanishing value 

evo u = u{Q) = (ai,o, • • • , a-kfl) £ C'' = X 
at zi = € C = A. This implies that 

where ^ is the generator of QHg{X) and k = dim(X). Hence the presentation 

QH{X//G)=K%[i]/{e-q) 
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of quantum cohomology of projective space, 
(b) (The teardrop orbifold, a weighted projective line) If G = acts on X = with 

weights 1, 2, so that XjjG = P[l, 2] is the teardrop orbifold, then M^i(A, X, 0) = XjjG 
implies that Do^y(1) = 1 ^^^^ Dqk^{^ is the point class. To evaluate Do«^x((^'?)^'^'?'^) 
interpret {^^'^^'^^ as the Euler class of the vector bundles corresponding to the deriva- 
tives of u at 0. Morphisms of class d G Q = R^i^^ Q) are given by pairs of polynomials 

u{z) = (ai,o + . . . + ai^idiZ^'^Kai,! + ■■■ +ai^2dz^'^)- 

Integrating the Euler class counts such maps whose derivatives jlaij,j < d,jla2j,j < 
2d zero at the marking and, if d is even, semistable leading order terms 

evoo u = [oi^rf, a2,2d] e P[l, 2]. 
are fixed to be a given point. There is a unique such map. For d = 1/2 this implies 

Do4(e') = lzj2 
half the generator 1^2 of the twisted sector. For d = 1 this implies that 

Hence the presentation of the quantum cohomology of the teardrop orbifold 

QH{F[l,2]) = A%[C]/iq-Af) 

which is a special case of Coates-Lee-Corti-Tseng [18] . 

See Example 5.32 for more details. A similar strategy gives relations for the quantum coho- 
mology of any toric orbifold. In addition, the setup also applies to quotients by non-abelian 
groups such as quiver varieties. 

In the large area limit the graph potentials t^,tx//g naturally related via the quan- 
tum Kirwan morphism: We fix a symplectic class [wx,g] ^ Hq{X) and consider the stability 
conditions corresponding to the classes p[ujx,g] as /3 G (0, oo) varies. 

Theorem 1.5 (Adiabatic Limit Theorem). Suppose that C is a smooth projective curve and 
X a polarized projective G-variety such that stable=semistable for gauged maps from C to X 
of sufficiently large p. Then 

(1) TX//G °f^x= 1™ Tx- 



In other words, the diagram 

QHg{X) >- QH{X//G) 



X 



commutes in the limit p oo. The equality, or commutativity of the diagram, holds in the 
space of distributions in q, in other words, for each power of q separately. Mathematicians fa- 
miliar with equivariant symplectic geometry in the last millennium will recognize the similarity 
with "quantization commutes with reduction" theorems, see for example Guillemin-Sternberg 
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[37]. However, in the intervening years the use of "quantum" is mostly changed so now it refers 
to holomorphic curves. The terminology "adiabatic" arises from the fact that stable gauged 
maps correspond to minima of an energy function depending on p, so the theorem relates 
minima in the limit /) — )■ oo. 

One is often interested not in the graph Gromov-Witten invariants but rather in the localized 
graph potential that is a solution tx//g,- to the quantum differential equation for X//G: for 
a G QH{X//G),i G To,QH{X//G) 

rxi/G,^ ■■ QH{X//G) ^ QH{X//G)[[h-% hd,Tx//GA<^) = ^ rx//G,-(a)- 

The components of tx//g- satisfy a version of the Picard-Fuchs equations which play an impor- 
tant role in mirror symmetry [31]. The function Tx//g~ can be expressed as the "contribution 
from 0" in the fixed point formula for the graph potential for P, induced by the circle action 
on S"^. (There is also a contribution Tx//g,+ fi'om the fixed point oo € P.) There are similar 
gauged versions 

Tl^:QHG{X)^QHG{X)[[h-^]] 

which capture the contributions from 0, oo G P to the localization formula applied to the 
gauged graph potential. Similarly the quantum Kirwan map has an S'^-equivariant extension 
f^x,G ■ QHg{X) QH{X//G)\\K\\, with target formal power series with quotient modulo any 
power q'^ a polynomial in h. The factorization of the graph potentials generalizes to the gauged 
setting: = (t^_,t^^) and we prove a localized adiabatic limit Theorem 1.6 below for the 

contributions to the fixed point formula. Let k^^'^'^^ denote the classical Kirwan map extended 
to QH{X//G) by linearity over A^. 

Theorem 1.6 (Localized adiabatic limit theorem). In the setting of Theorem 1, 

G T G,class G 
" p— i-oo ' 

In other words, after composition with the quantum Kirwan map the localized graph po- 
tential is given by the classical Kirwan map applied to the localized gauged potential. The 
result also holds in the "twisted case", that is, after inserting the Euler class of the index of an 
equivariant bundle on the target, which in good cases describes the localized graph potentials 
of complete intersections. In this way one obtains a generalization of the "mirror formulas" of 
Givental [31], Lian-Liu-Yau [55], Iritani [39] and others for localized graph potentials [31] in 
the toric case to arbitrary geometric invariant theory quotients. However, the approach here 
is different from that of [31], [55] etc. in that the "mirror map" is expressed as integrals over 
moduli spaces, while the approach of [31], [55] etc. solves for the "mirror map" as the solution 
to an algebraic equation. 

The generality of these results allows various applications, mostly developed jointly with 
E. Gonzalez, which will appear elsewhere. We were rather surprised to discover that many 
of the "standard formulas" from classical equivariant symplectic geometry generalize to the 
quantum case by substituting the quantum Kirwan morphism for the classical Kirwan map; 
this is rather unexpected since all of these formulas involve functoriality of cohomology in some 
way which is generally lacking in the quantum setting. For example, we claim that there is (i) 
a wall-crossing "quantum Kalkman" formula for Gromov-Witten invariants under variation of 
git, including invariance in the case of crepant flops (ii) an abelianization "quantum Martin" 
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formula relating Gromov-Witten invariants of quotients by connected reductive groups and 
their maximal tori, first suggested by Hori-Vafa [38, Appendix] and Bertram-Ciocan-Fontanine- 
Kim [11] and (iii) a quantum version of Witten's non-abelian localization principle, relating the 
equivariant quantum cohomology correlators for X with the quantum cohomology correlators 
for X//G. 

2. Traces and morphisms of cohomological field theory algebras 

To state the main result precisely, we have to explain what it means to have a "commutative 
diagram" of cohomological field theories. In this section we describe the moduli spaces of sta- 
ble curves (complexified associahedron in genus zero) , stable parametrized curves (complexified 
cyclohedron) and stable affine scaled curves (complexified multiplihedron) , which lead to the 
notion of CohFT algebra, trace on a CohFT algebra, and morphism of CohFT algebras respec- 
tively, in analogy with the theory of spaces, morphisms, and traces. Then we introduce 
notions of compositions of morphisms and traces, or morphisms of CohFT algebras, which are 
analogous to the composition of the corresponding A^o notions. This makes CohFT algebras 
into a kind of cxj-category. Notably, we do not have a version of complexified multiplihedron 
for higher genus curves, which is why the theory here is restricted to genus zero. 

2.1. Complexified associahedron and CohFT algebras. Moduli spaces of stable curves 
were introduced by Mayer and Mumford in 1964 [65], and further studied in Deligne-Mumford 
[21]. Moduli of stable marked curves were studied by Grothendieck in 1968 and later by Knud- 
sen [47]. In this section we describe these compactifications and the notion of cohomological 
field theory introduced by Kontsevich-Manin, see [57]. We remark that since the notion of stack 
is not introduced until Section 4, we avoid it until then and adopt the point of view that the 
moduli spaces are just topological spaces. First we describe stable curves. 

Definition 2.1. Let n > be an integer. 

(a) (Nodal curves) An n-marked nodal curve consists of a projective nodal curve C with an 
n-tuple of distinct, smooth marked points z = (zi, . . . , Zn) G C". An isomorphism of 
n-marked nodal curves (C,z), {C,z') is an isomorphism (j) : C ^ C such that <l){zi) = z\ 
for z = 1, . . . , n. 

(b) (Stable curves) A nodal n-marked curve C = (C, z) is stable iff C has finite automor- 
phism group. That is, each genus zero component has at least three special points (nodes 
or markings) and each genus one component has at least one special point. Note that 
we do not require C to be connected. 

(c) (Modular graphs) The combinatorial type F of a stable curve is a modular graph: 

(i) (Graph) an unoriented graph F = (Vert(F), Edge(F)) whose vertices correspond to 
irreducible components of C, finite edges Edge<oo(F) to nodes, and semi-infinite 
edges Edgeo(3(F) to markings, equipped with a 

(ii) (Genus function) Z>o-valued function g : Vert(F) — )• Z>o recording the genus of 
each irreducible component of C and 

(iii) (Labelling of semi-infinite edges) a bijection / : Edgeoo(F) {l,...n} of the 
semi- infinite edges with labels 1, . . . , n. 

A modular graph is stable if it corresponds to a stable curve. That is, each vertex with 
label resp. 1 has valence at least 3 resp 1. 
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Any stable curve C has a universal deformation given by a family of curves vr : Cs S over 
a parameter space S uniquely defined up to isomorphism, see for example [5]. Let Mg^n denote 
the set of isomorphism classes of connected genus g, n-marked stable curves. More naturally 
one should consider the moduli stack of stable curves but we put off discussion of stacks to 
Section 4. In the case of genus zero curves the universal deformation, and topology on Mg^n, 
have a simple description [5, p. 176], [62, Appendix D]: For any marking Zi and irreducible 
component Cj of C we denote by zj the node in Cj connecting to the irreducible component 
of C containing Zi, or Zi if Zi is contained in Cj. 

Definition 2.2. (Convergence of a sequence of stable curves) A sequence [Cjy] converges to 
[C] in Mg^n if Ci, is isomorphic to 7r~^{s^) for a sequence converging to s in the base S of 
the universal deformation. Explicitly, if 5 = 0, a sequence [(C^, Zi,u7 • • • 5 ^n,i/)] with smooth 
domain Ci, converges to [(C, zi, . . . , Zn)] if there exists, for each irreducible component Cj of 
C, a sequence of holomorphic isomorphisms (pj^u : Cj — >■ Ci, such that 

(a) (Limit of a marking) for all i,j, limu^oo 4'jl{zi,iy) = zj; and 

(b) (Limit of a different parametrization) for all j ^ k, limjy„j.oo 4>j,u4>kl, has limit the con- 
stant map with value the node of Cj connecting to Ck- 

With the topology induced by this notion of convergence, Mg^n is compact and Hausdorff 
(and in fact, a projective variety [21].) For any possible disconnected graph F we denote by 
Mg^n,r the space of isomorphism classes of curves of combinatorial type F with n semiinfinite 
edges and total genus g, and Mg^n,T its closure. If F = Fq U Fi is a disjoint union then 
Mg^n,r = Mg^n,ro x Afgi.m.ri- The moduli spaces of stable marked curves Mn,r satisfy a 
natural functoriality with respect to morphisms of modular graphs F. 

Definition 2.3. (Morphisms of modular graphs) A morphism of modular graphs T : F — )■ F' 
is a surjective morphism of the set of vertices Vert(F) — )• Vert(F') obtained by combining the 
following: (these are called extended isogenics in Behrend-Manin [10]) 




Figure 1. Cohapsing an edge 



(a) T collapses an edge if the map on vertices Vert(T) : Vert(F) — ?> Vert(F') is a bijection 
except for a single vertex v' G Vert(F') which has two pre-images connected by an edge 
in Edge(F), and Edge(F') = Edge(F) — {e}. The genus function on F' is obtained by 
push-forward that is, g{v') = J2r(v)=v' 
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Figure 2. Collapsing a loop 

(b) T collapses a loop if the map on vertices is a bijection and Edge(r') = Edge(r) — {e} 
where e is an edge connecting a vertex v to itself. Then the genus functions on T,T' are 
identical except at v where g'{v) = g{v) + 1. 

(c) T cuts an edge e € Edge(r) if the map on vertices is a bijection, but Edge(r') = 
Edge(r) — {e} + {e+, e_} where e± are semiinfinite edges attached to the vertices con- 
tained in e. Any morphism T : F ^ F' cutting an edge induces an isomorphism 
M(T) : M g^n,v' — ^ Mg,n,T obtained by identifying the markings corresponding to the 
edges e± in F'. 




Figure 3. Forgetting a tail 

(d) T forgets a tail (semiinfinite edge) e € Edge°°(F) if the map on vertices is a bijection, 
but Edge(F') = Edge(F) — {e}. In this case there is a morphism M(T) : Mg^n,r 
Mg^n,r' obtained by forgetting the corresponding marking and collapsing any unstable 
components. 

Remark 2.4. A morphism T : F — )• F' which collapses an edge or loop induces an inclusion 
M(T) of Mg^n,r Mg n^T'- The morphisms arising in this way define on the collection of 
spaces {Mg^n)2g+n>3 the structure of a modular operad [30]; however, we will not need this 
language. 

Proposition 2.5. The boundary of Mg^n,r in Mg^n,T is the union of spaces Mg^n,r' such that F 
is obtained from F' by collapsing edges and forgetting loops. The boundary of Mg^n is a union 
of the following subspaces (which will be divisors with respect to the algebraic structure of the 
moduli space introduced later) 

(a) (Non-separating node) if 2g + n > 3, a subspace 

'-g-l,n+2 : T)g-l,n+2 — > -^3,n 

equipped with an isomorphism 

y^g-l,n+2 '■ -Dg-l,n+2 — ^ Mg-i^n+2- 
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The inclusion is obtained by identifying the last two marked points. 
(b) (Separating node) for each splitting g = gi + g2, {1, ■ ■ ■ , n} = h U I2 with 2gj + \Ij\ > 
3,j = 1,2, a subspace 

''3l+52,/lU/2 • ^5i+92,/lU/2 ^g,n 

corresponding to the formation of a separating node, splitting the surface into pieces of 
genus gi , g2 with markings Ii , /2 , equipped with an isomorphism 

^gi+g2,IiUl2 ■ Dgi+g2,hUl2 ^ ^gi,\Ii\+l ^ ^g2,\l2\+l 

( except that on the level of orbifolds in the case Ji = /2 = and gi = g2 there is an 
additional automorphism exchanging the components.) 

The pull-back i'*g-^^g^ huhf^ °^ ^^^^ class (3 G H{Mg^n) has a Kiinneth decomposition 

(2) 4+52,/iU72/3 = E/5lj®/52,, 

for some index set J and classes f3k,j & ^(^gk,\ik\+i)- '^^^ moduli spaces Mg^n have the 
structure of orbifolds, with the automorphism group of an element given by the automorphism 
group of the modular graph giving its combinatorial type. In particular, each boundary divisor 
Dg-i^n+2 or Z)gj+g2^7jui"-2 has a homology class Mg^n, and since Mg^„ is a rational homol- 
ogy manifold each of these homology classes has a dual class 7g_i^„+2 resp. 7gi+g2,/iUi"2 
i/2(Mg,„,Q). For the following, see Manin [57]. 

Definition 2.6. A cohomological field theory (CohFT) with values in a field A is a Z2-graded 
vector space V equipped with a symmetric non-degenerate bilinear form V x V ^ K and 
collection of S'n-invariant (with Koszul signs) correlators 

X H{Mg^n) ^ A, (a, P) ^ (a; g,n>0 
where by convention H{Mg^n) = A if Adg,n = 0, satisfying the following two splitting axioms: 

(a) (Non-separating node) if > 1 then 

k 

where 6^, 6^ are dual bases for V; 

(b) (Separating node) if 2(7 + n > 4, /i U I2 is a partition of {1, . . . , n}, and g = gi+ g2 with 
2gi + \Ii\ > 3 for i = 1, 2 then 

(a;/3 U 7gi+52,/iU/2)9,n = X^(("i)ie/n4; ■)g^^\i-^\+i{{ai)iizi^,5^] ■) g2,\h\+'^-^'*9i+92,hyM2l^) 

k 

where the dots indicate insertion of the Kiinneth components of ^gj+^j /iu/2'^' ^ 

y^k^i^^ is a basis and {5^ € V)'^^}^'* a dual basis, and there is an additional factor of 
2 in the exceptional case 51 = 52, -^1 = -^2 = arising from the additional automorphism. 

That is, if /3 is as in (2) then 

U 7gi +92,710/2) 3," = X] (("i)ie/i)'^fc;/5i,i)gi,|/i|+i((aj)je/2'^^;/52,j)g2,|/2|+i- 
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The correlators of any cohomological field theory define a family of associative algebra struc- 
tures. In the standard axiomatization these are part of the associated Frobenius manifold struc- 
ture on V [57] . However for the purposes of functoriality it is helpful to keep the "algebra" and 
"metric" parts of this structure separate, and instead we define the following: 

Definition 2.7. A CohFT algebra consists of a Z2-graded vector space V and a collection of 
Sn-invariant (with Koszul signs) multilinear maps 

satisfying the splitting axiom for any subset / C {1, . . . , n} of order at least two: 

(3) /i"(ai, • • • ,an;7o,/u{7=u{o}) U/3) = ^ ^"~l^l+^(ai, i ^ /, (oj, i G /; /32j) 

3 

where = (3ij (E) /32,j is the Kiinneth decomposition of the restriction of /3 as in (2). 
Proposition 2.8. Any CohFT gives rise to a CohFT algebra. 

Proof. By restricting to genus zero, and using duality to put one factor of V on the right. The 
splitting axiom (3) is a special case of the splitting axiom in Definition 2.6. □ 

Remark 2.9. (a) Manin [57] terms a set of such maps a Comnioo- structure on V. However 
we avoid this terminology since it isn't clear what this is a homotopy version of. 

(b) Note that the CohFT algebra structure does not require a metric, so a CohFT may 
be thought of roughly speaking as a CohFT algebra plus a metric. We remark that a 
more natural definition of CohFT may be obtained by allowing incoming and outgoing 
markings. However, we prefer to write the classes on the left to emphasize the analogy 
with Aoo spaces. 

(c) The various relations in Mo,n+i give rise to relations on the maps /.t". In particular the 
map fj? : V X V ^ V is associative, by the splitting axiom and the relation 

[-Do,{0,3}U{l,2}] = [-Do,{0,l}U{2,3}] G -H'^(^0,4)- 

(d) The notion of CohFT algebra is the "complex analog" of the notion of A^o algebra in 

the following imprecise sense. Denote by Mg „ the moduli space of projective nodal 

curves C equipped with an anti-holomorphic involution fixing the markings, that is, the 

moduli space of stable n-marked disks where the markings are not necessarily in cyclic 

^ 

order. The symmetric group 5„ acts canonically on Mg „ by permuting the markings. 

The quotient of Mg ^ by the action of Sn is homeomorphic to the n — 1-st associahedron 
Assoc„_i introduced in Stasheff [86]. An space is a space X equipped with a 
collection of maps 

X" X Assocrt X,n>2 

satisfying a splitting axiom for the restriction to the boundary, and Aoo algebras arise 
as spaces of chains on A^o spaces. To obtain the notion of CohFT algebra we replace X 
by a vector space and Assoc„ by the cohomology of its complexification. One could also 
imagine a cochain-level version but there are reasons to expect that this gives nothing 
new, see Teleman [88] 
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(e) The notion of a genus zero CohFT can be repackaged in terms of a non-linear structure 
called a Frobenius manifold, which is a non-linear generalization of the notion of Frobe- 
nius algebra (unital algebra with compatible metric.) Any genus zero CohFT (with unit 
and grading) gives rise to a Frobenius manifold whose potential is 

f:V^A, f{v) = y2^{v,...,v;l)o,n- 
^-^ n! 

n>3 

The third derivatives of / give rise to a family of algebra structures 

: nv^ ^ nv. 

These give rise to a family of connections depending on a parameter h, 

Vn : ^\V, TV) ^ n\V, TV), VH,i,a{v) = (da(e))(f ) - {l/h)i a{v). 

The associativity of ★ translates into the flatness of V/i, so that locally there exist 
sections a : V TV satisfying 

(4) (Quantum Differential Equation) fi9^cr(w) = ^ a, Vw, ^ € 

For a full discussion of the correspondence between Frobenius manifolds and CohFT's 
the reader is referred to Manin [57]. 

2.2. Complexified cyclohedron and traces on CohFT algebras. In this section we study 
the moduli spaces of stable marked parametrized curves. These are a special case of moduli 
spaces of stable maps (the degree one case) but we prefer to view them in a different way, as a 
special case of the Pulton-MacPherson construction [28] . We then discuss the associated notion 
of trace on a CohFT algebra. Let C be a smooth connected projective curve. 

Definition 2.10. (a) (Parametrized nodal curves) A C -parametrized nodal curve is a (pos- 
sibly disconnected) nodal curve C equipped with a morphism -u : (7 — t- C of homology 
class «*[C] = [C]. That is, C is the union of irreducible components Cq, ■ ■ ■ ,Cr where 
u maps the principal component Cq isomorphically onto C and u maps the other ir- 
reducible components Ci, . . . ,Cr onto points. A marking of a C-parametrized curve 
is an n-tuple z = (zi, . . . , Zn) of points in C" distinct from the nodes and each other. 
An isomorphism of such curves is an isomorphism of nodal curves which induces the 
identity on C. 

(b) (Stable parametrized curves) A C-parametrized curve is stable if it has no infinitesimal 
automorphisms, that is, each non-principal irreducible component of C has at least 
three marked or nodal points. 

(c) (Rooted forests) Any C-parametrized curve has a combinatorial type which is a forest F 
(finite collection of trees) with a distinguished root vertex corresponding to the principal 
component and a labelling of the semiinfinite edges given by a bijection / : Edgej^(r) 
{1, . . . ,n}. A rooted forest is stable if it corresponds to a stable parametrized curve, 
that is, each non-root vertex has valence at least three. 

The set M„(C) of isomorphism classes of connected stable C-parametrized curves has a 

natural topology, similar to that of Mo,n in genus zero: The following can be taken as a 

definition or a proposition using a suitable construction of the universal deformation of a 
stable map to C: 
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Definition 2.11. (Convergence of a sequence of parametrized stable curves) Suppose C has 
genus 0. A sequence [{Cu^Ui,)] with smooth domain converges to [(C, n)] if there exists, 
for each irreducible component Cj of the limit C, a sequence of holomorphic isomorphisms 
(t)j,y : Cj — Cu such that 

(a) (Limit of a marking) for all \im,j^oo 4'jl{^i,u) = zj, the node in Cj connecting to 
the irreducible component of C containing Zj, or Zj if Zj is contained in Cj] 

(b) (Limit of a different parametrization) for all j ^ k, limj/_j.oo 4'j,u4'ku limit the con- 
stant map with value the node of Cj connecting to Ck', and 

(c) (Limit of the map) for all j, limcpj ^u^ = u\Cj. 

Convergence for nodal domains C^ is defined similarly, by considering convergence on each 
irreducible component separately. 

The definition for arbitrary genus is similar, but the maps 4>j^u exist only after removing small 
neighborhoods of the nodes. The topology on Mn{C) induced by this notion of convergence 
is compact and Hausdorff, and a special case of the Fulton-MacPherson compactification of 
configuration spaces considered in [28]. The open stratum M„(C) of Af„ is the configuration 
space Conf„(C) of n-tuples of distinct points on C. 

More generally for any rooted forest T with n semiinfinite edges we denote by Mn,r{C) the 
moduli space of isomorphism classes with type T and by M„ r(C') its closure. The moduli spaces 
of stable marked curves Mn^riC) satisfy a natural functoriality with respect to morphisms of 
rooted forests T. We say that a morphisni of rooted forests is a morphism of modular graphs 
corresponding to the rooted forests mapping the root vertex to the root vertex. 

Proposition 2.12. (Morphisms of moduli spaces associated to morphisms of forests) 

(a) Any morphism of rooted forests T : F — )• F' induces a morphism of moduli spaces 
M{T) -.MnHC) ^Mn,r'{C). 

(b) The boundary of Mn^r{C) is the union of spaces M„j'(C) such that there is a morphism 
of rooted forests F' — )• F collapsing an edge. 

(c) If T' is obtained from F by cutting an edge, then there is an isomorphism M„ p' (C) ~^ 
Mn,r{C) identifying the vertices corresponding to the additional semi-infinite edges. 

The proof is standard from properties of moduli spaces of stable maps. Note that if F' = 
FqUFi is disconnected where Fq contains the root vertex then Mn,r(C') = Mno,ro (C) x Mo,ni,ri 
where Uj is the number of semi-infinite edges of Tj. Thus the boundary of Mn,r is the union 
of products of lower-dimensional moduli spaces of C-parametrized stable curves and stable 
curves. 

Remark 2.13. (Relation to the cyclohedron) Let C be a projective line. Any anti-holomorphic 
involution of C induces an anti-holomorphic involution of M„(C), with fixed point set Mn{C)^ 
identified with the moduli space of stable parametrized n-marked disks. The symmetric group 
Sn acts by permutation, and the quotient by 5„_i is isomorphic to the subset Mn{C)*'~^ of 
Mn{C)^ such that the marked points zq, . . . , z„ occur in cyclic order around the boundary of 
the disk. The action of by rotation preserves Mn{C)*'~^ and the quotient is the cyclohedron 
Cycl„, that is, the moduli space of points on the circle compactified by allowing bubbling, see 
Markl [59]. In this sense it is slight abuse of terminology to call M„(C) the complexification 
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of Cycl„; rather, M^iC) is the complexification of a circle bundle over Cycl„. This dishonesty- 
will be somewhat remedied in the last section when we consider M„(C) with its circle action. 

The boundary structure of the moduli space M.„(C) is described in the following. 

Proposition 2.14. The boundary of Mn{C) is the union of the following subspaces (which 
will be divisors once the algebraic structure on Mn{C) is introduced): For each subset I C 
{1, . . . , n} of order at least two a subspace lj : Dj Mn{C) where the markings for i ^ I have 
bubbled off onto an (unparametrized) sphere bubble. The subspace Dj admits a homeomorphism 
ipi :Dj^ Mo,\l\+i X M„_|j|+i(C). 

For any /3 S AIn{C), the pull-back lJ/3 to a subspace Dj has a Kiinneth decomposition 

(5) c*j(3 = ^f3ij0f32,j 

for some index set J and classes /3ij € H{Mq \^^_^i) and /32,j G M„_|/|_,_i(C). In general, the 
moduli space of stable maps is not smooth. However, the space M„(C), as a special case of 
Fulton-MacPherson [28], is a compact smooth manifold. In particular, any subset Dj has a 
homology class [Di] G H2{Mn{C),Z) and a dual class 7/ G H'^{Mn{C),Z), although we work 
with rational coefficients below. Let A be a vector space. 

Definition 2.15. (Trace on a CohFT algebra) A (C-based, A-valued) trace on a CohFT algebra 
y is a collection of S^-invariant (with Koszul signs) multilinear maps 

r" : X H(Mn{C)) ^ A, n > 

satisfying a splitting axiom 

T^{a; /5 U 7/) = T"-I^l+Hai, ^ ^ I, i e /; •); WiP) 

where 7/ is the dual class to Dj and the -'s denote insertion of the Kiinneth components of /3. 
That is, with (3 as in (5), 

r"(a;/3U77) = ^ T""l^l+H«i, ^ ^ I,l^^'Kai,i G /; A^); /32j)- 

Remark 2.16. (a) In our main application, gauged Gromov-Witten invariants will define a 
A^-valued trace on QHg{X), which is a CohFT defined over the field of fractions of 
H{BG) ® A^. In other words, the space A above need not be the ring or field over 
which the CohFT algebra or CohFT is defined, 
(b) One should compare the notion of trace with that for A^^ algebras described in [58, 
Proposition 2.14]. The corresponding notion for an space X consists of a sequence 
of maps 

X"" X Cycl„ ^ y, n > 
to an ordinary space y, satisfying a suitable splitting axiom. 

Any trace (r"')n>o on a CohFT algebra V defines a formal map 

(6) T-.V^k, ^;^^lr-(^,...,^;) 

n 
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often called a potential. The splitting axiom implies that the second derivatives of r with two 
point classes inserted define a A-valued family of bilinear forms on TyV compatible with the 
multiplications on T^V: 

Definition 2.17. (Family of bilinear forms associated to a CohFT trace) Let £ Mn{C) 
denote the class given by the pullback of a point under the j'-th evaluation map evj : Mn{C) 
C. For ?;,t;i,t;2 G V define 

: TyV"^ A, gv{vi-,V2) ■■= ^T"+^(-yi,t!2,f, . . . ,f;7i U 72). 

^-^ n! 

n>0 

the bilinear form on T^V associated to the trace. 

Remark 2.18. (Why fix two points?) The additional insertion of 71 U72 is designed so that the 
leading order term is associated to the moduli space of parametrized 2-marked curves with the 
points fixed, so that in e.g. Gromov-Witten theory one gets the usual metric. An alternative 
would be to define a family of algebra traces y — > A associated to r, but it seems here that one 
still has to fix the point to get the classical notion in Gromov-Witten theory. 

Proposition 2.19. (Compatibility of the family of bilinear forms with the family of products) 
Let {T^)n>o be a trace on a CohFT algebra V. For v,vi,V2,vs € V, we have gv{vi *v V2,V3) = 

Proof. The relation in homology of the 6-dimensional space M^^C) 

[D{i,3}] U 71 U 72 = [D{2,3}] U 71 U 72 G H^MsiC)) 
pulls back to a relation in H{Mn{C)), > 4, 

Yl [^{1,3}U7] U 71 U 72 = Yl [^{2,3}u/]U7iU72 G^^'^(M„(C)) 

/C{4,...,n} /C{4,...,n} 

The claim now follows from the splitting axiom in 2.15. □ 

2.3. Complexified multipfihedron and morphisms of CohFT algebras. Ma'u- Woodward 
[61], based on earlier work of Ziltener [98], introduces a compactification of the moduli space of 
distinct points on the affine line up to translation, which "complexifies" the multiplihedron in 
the same way that the Grothendieck-Knudsen space and the Fulton-MacPherson spaces com- 
plexify the associahedron and cyclohedron respectively. We then discuss the associated notion 
of morphism of CohFT algebras. Let A denote an affine line over C, unique up to isomorphism. 
We denote by 

n\A,Cf = {wdz\w G C} ^ C 
the space of C-invariant one-forms on A. 

Definition 2.20. (Scaled affine line) A scaling of an affine line A is a translation-invariant, 
non-zero one form A G r2^(A, C)^. A scaled affine line is an affine line equipped with a scaling. 
An n-marking of an affine line is an n-tuple z = (zi,...,z„) of distinct points in A". An 
isomorphism of scaled n-marked affine lines is an affine isomorphism ^ : Cq ^ Ci, such that 
V'*Ai = Ao and ip{zo,i) = zi,i, i = 1, . . . , n. 
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Figure 4. An afHne scaled curve 

Let M„^i(A) denote the moduli space of isomorphism classes of scaled ?i-marked aflfine lines. 
If A is a scaled affine line then the group of automorphisms of A preserving the scaling is the 
additive group C acting on A by translation. Thus 

Proposition 2.21. The moduli space M„^i(A) may be identified with the configuration space 
Conf„(A) of n- tuples of distinct points on A up to the action of C by translation, M„^i(A) = 
Conf„(A)/C. 

Proof. For any tuple (zi, . . . , A) we take the unique rescaling so that X = dz and then take 
the associated configuration. Conversely, any configuration defines an affine scaled map by 
taking the scaling A = dz to be standard. □ 

Remark 2.22. (Two-forms instead of one-forms) The moduli space M„^i(A) can be viewed in 
a different way: Any scaling A gives rise to a real area form co^ := A A A on A. Replacing A 
with amounts to forgetting a complex phase; thus, one can view M„^i(A) as the moduli 
space of data (zi, . . . , z„, w, 0) where G A are distinct points, coa G r2^(A,M) is a 

translationally-invariant area form, and (p € U{1) is a phase. Any automorphism oi A has 
a well-defined argument arg('0) G U{1) giving the angle of rotation, and tp acts on (wa,'/') by 
(V'*wA) arg('(/')(/)). This is the point of view taken in Ziltener's thesis [98] who suggested the 
motto "one cannot rotate affine symplectic vortices". 

The moduli space M„^i(A) has a natural compactification obtained by allowing bubbles with 
degenerate scalings. 

Definition 2.23. (Stable nodal scaled affine lines) A possibly degenerate scaling on an affine 
line A is an element of the set 

n^A, C)^ = n^{A, Cf U {oo} ^ p. 

A possibly degenerate scaling A is degenerate if A = or A = oo and is non- degenerate otherwise. 
The action of the group of automorphisms Aut(A) on f]^(A, C)^ by pull-back extends naturally 
to an action on 0, (A, C), with fixed points {0},{oo}. A nodal marked scaled affine line is a 
datum (C, zq, . . . , Zn, X) satisfying the following condition: 

(Monotonicity) on any non-self-crossing path from a marking Zi to the root marking zq, 
there is exactly one colored irreducible component with finite scaling; and the irreducible 
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components before (resp. after) this irreducible component have infinite (resp. zero 
scahng) . 

See Figure 4, where irreducible components with infinite resp. finite, non-zero resp. zero 
scaling are shown with dark resp. grey resp. light grey shading. An isomorphism of nodal 
marked scaled affine lines {Cj,Zj, Aj), j = 0, 1 is an isomorphism of nodal curves ^ : Co — > Ci 
intertwining the (possibly degenerate) scalings and markings in the sense that <^*Ai = Aq 
and (f){zo^i) = zi^i. A nodal marked scaled affine line is stable if it has no automorphisms, or 
equivalently, if each irreducible component with finite scaling has at least two special points, 
and each irreducible component with degenerate scaling has at least three special points. 

The space M„,^i(A) of isomorphism classes of connected stable scaled n-marked lines has 
a natural topology, similar to the topology on the moduli space of stable curves. Given a 
stable affine scaled curve (C, zi, . . . , z„. A), for any marking Zi and irreducible component Cj 
we denote by z-- the node in Cj connecting to the irreducible component of C containing Zi , or 
Zi if Zi is contained in Cj. The following can be taken as a definition or a proposition with a 
suitable notion of family of stable scaled marked lines, see Example 4.2. 

Definition 2.24. (Convergence of a sequence of nodal scaled affine lines) A sequence [{Cu,zi^u, • • • , Zn^u, Ajy)] 
with smooth domain C^, converges to [(C, zi, . . . ,Zn, A)] if there exists, for each irreducible com- 
ponent Cj of the limit C, a sequence of holomorphic isomorphisms (pj^^ : Cj — ?> Ci, such that 

(a) (Limit of the scaling) limjy_j.oo <t^*j = A|Cj 

(b) (Limit of a marking) Ymi^^oo <l)'j},{zi,y) = zl 

(c) (Limit of a different parametrization) lim,y_s.oo 4>j,v4'^l, has limit the constant map with 
value the node of Cj connecting to Cj. 

Convergence for sequences with nodal domain is defined similarly. 

Example 2.25. (Two markings converging) If Cjy = P = A U {oo} and two points Zi^y, Zj^y come 
together in the sense that lim^y^oo ^%,v — ■2j> 0, then there exists a sequence of holomorphic 
maps 4>u : F ^ Cy such that (f)~^{zi^y),(l)~^{zj^y) converge to distinct points, and the scaling 
0*(Ajy) converges to zero. The limiting configuration consists of a irreducible component with 
two markings and one node with zero scaling, and an irreducible component with finite scaling, 
one node, and the root marking zq. See Figure 5. 

Example 2.26. (Two markings diverging) \f C^ = T for all v with constant scaling \y and two 
points Zi^y,Zj^i, go to infinity in A C P in different directions, then for k G {i,j} there exists 
(i) a sequence of holomorphic maps (p^^y : C ^ C^ such that 4>^]^{zk,u) and (t>l converge 
and (ii) a sequence c^jj.i^ : C — > C^ such that 4>ij\zk^u for k = i,j converge to distinct points 
and ^Xy converges to infinity. The limiting configuration consists of two components with a 
single marking and node and finite scaling, and a component with two nodes, the root marking, 
and infinite scaling. See Figure 6. 

We denote by M„,^i(A) the space of isomorphism classes of connected nodal scaled lines, 
equipped with the topology above. By Ma'u- Woodward [61] M„^i(A) is a compact Hausdorff 
space. 
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Figure 5. Two markings converging 




Figure 6. Two markings diverging 



Definition 2.27. (Combinatorial types of nodal scaled affine lines) The combinatorial type 
of a connected scaled affine line is a colored tree consisting of a tree F = (Vert(r), Edge(F)) 
together with a partition of the vertices 

Vert(F) = Vert°(F) U Vert^(F) U Vert°^(F) 

and a labelling of its semi-infinite edges given by a bijection EdgeoQ(F) — ?• {!,..., n}, and 
satisfying the combinatorial version of the monotonicity condition: 

(Monotonicity) on any self-crossing path from a semi-infinite edge labelled j to the 
semi-infinite edge labelled 0, there is exactly one vertex in Vert^(F), all vertices before 
resp. after are in Vert'^(F) resp. Vert°°(F). 

A colored tree is stable if it corresponds to a stable affine scaled line, that is, each vertex 
V G Vert''(F) resp. Vert°°(F) resp. Vert^(F) has valence at least 3 resp. 3 resp. 2. 

We call the vertices in Vert^(F) the colored vertices. Colored trees can be pictured as trees 
where part of the tree containing the root semi-infinite edge edge is "below water" and part 
"above water"; the colored vertices in Vert^(F) are those "at the water level". The monotonicity 
condition then says that the path from any "above water" semiinfinite edge to the unique "below 
water" semiinfinite edge passes through the water surface exactly once. However, in our trees 
we adopt the standard convention of having the root edge (which corresponds to an outgoing 
marking) at the top of the picture. 
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More generally we allow disconnected curves where each connected component is either a 
nodal affine curve, or a nodal curve with infinite or zero scaling. 

Definition 2.28. (Colored forests) A colored forests F is a union of components that are either 
colored trees, or ordinary trees with all vertices in Vert'^(r) or all vertices in Vert°°(r). 

Remark 2.29. The semi-infinite edges of a colored forest admit a partition Edge(r) = Edge'^(r)U 
£;~(r) where Edge°(r) is the union of semi-infinite edges labelled 1, . . . ,n, and finite edges 
connecting Vert'^(r) with Vert''(r) U Ve^{r), and Edge°°(r) is the union of the semi-infinite 
edge with the set of edges connecting Vert^(r) U Vert°°(r) with Vert°°(r). . 

For any colored forest T with n semiinfinite edges we denote by Mn^i^ri^) the space of 
isomorphism classes of scaled lines of combinatorial type E, and M„ i r(A) its closure. 

Definition 2.30. (Morphisms of colored forests) A morphism of colored forests from P to P' 
is a combination of the following simple morphisms: 

(a) (Collapsing edges without relations) T : P — )■ P' collapses an edge if T is injective except 
that it maps two vertices in Vert'^(P) U Vert"'^(P) to the same vertex in Vert(P') or two 
vertices in Vert°°(P) with the same vertex in Vert°°(P). (In other words, any edge 
except those connecting Vert"^(P) with Vert°°(P)). 



Figure 7. Collapsing an edge connecting two vertices of the same type 

(b) (Collapsing edges with relations) T : P — )• P' collapses edges if T is injective except for 
one colored vertex of P' whose inverse image in Vert(P) is a collection of colored vertices 
in P and a single vertex in Vert°°(P), joined to each of the colored vertices by a single 
edge. Note that one cannot write such a morphism as a composition of morphisms each 
collapsing a single edge, since there is no way to assign the coloring of vertices of the 
resulting graph which results in a colored forest. 



(c) (Cutting an edge without relations) T : P — t- P' cuts an edge of P if the vertices are the 
same, but P' has one fewer edge than P and the edge does not lie between the colored 
vertices and the root edge. 





Figure 8. Collapsing edges with relations 



22 



C. WOODWARD 




Figure 9. Cutting edges with relations 

(d) (Cutting edges with relations) T : T — )> T' cuts edges with relations of F if the vertices 
are the same, but F' has fewer edges than F, with each removed edge lying on a path 
between the root edge and the colored vertices, and each path passing through a unique 
such edge. See Figure 9. 

(e) (Forgetting tails) T : F — )• F' forgets a tail (semiinfinite edge) and any vertices that 
become unstable, recursively starting from the semiinfinite edges furthest away from 
the root edge. 




Figure 10. Forgetting a tail and collapsing 



Remark 2.31. (More explanation on forgetting tails) Forgetting a tail leaves possibly only the 
vertex adjacent to the tail unstable, if it is colored with a single other edge adjacent, or non- 
colored with two other adjacent edges. In the first case, removing that vertex and the other 
adjacent edge still leaves a non-colored vertex which may be unstable, since it has one fewer 
edge. If unstable, removing this vertex and identifying the other two edges gives a stable 
colored tree. In the second case, removing the vertex gives a stable colored tree. See Figure 
11. 

Proposition 2.32. (Morphisms of moduli spaces induced by morphisms of colored forests) To 
any morphism T of colored forests F — > F' one can associate a morphism M„(T) : Mn,i,r{-^) 
Mn,i,r'{^) o-s follows. 

(a) (Collapsing edges without relations) Any morphism T : F ^ F' collapsing an edge 
induces an inclusion M{T) : M„^ij(A) Mn^i^r'i^)- 

(b) (Collapsing edges with relations) Any morphism T : F — > F' collapsing edges with 
relations induces an inclusion M(T) : Mn,i,ri^) M^^i^vi-^)- 

(c) (Cutting an edge or edges with relations) Any morphism T : F ^ F' cutting an edge or 
edges with relations of T induces a homeomorphism from Mn^i,r{^) to M„ i^r'(A) by 
identifying the markings corresponding to the additional semiinfinite edges. 

(d) (Forgetting tails) Any morphism T : F — t- F' forgetting a tail induces a map M(T) : 
Mn,i,r{^) — > -^^n,i,r'(''^) which forgets the corresponding marking and collapses any 
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forget 





collapse 



Figure 11. Collapsing unstable vertices (colored vertices are lightly shaded) 

unstable components recursively starting with the seniiinfinite edges corresponding to 
the finite markings. 

Proof. The existence of these maps is immediate from the definitions except for the existence of 
the morphism for forgetting tails, which requires an inductive argument collapsing the unstable 
components. For this note that forgetting a tail leaves possibly only the component containing 
the corresponding marking unstable, if it had either non-degenerate scaling and two special 
points, or degenerate scaling and three special points. Removing that component, and if the 
second possibility holds, replacing the node with the remaining marking or identifying the two 
remaining nodes, produces a new curve with one fewer irreducible component. In the second 
case, the resulting curve is automatically stable. In the first case, the adjacent irreducible 
component has one fewer special point, and so now may be unstable. If so, removing that 
component, and either (i) identifying the nodes, if the two special points were nodes, or (ii) 
changing the node to a marking, if the two special points were a node and a marking, produces 
a stable scaled affine curve. We give a stronger, algebraic version of the forgetful morphism in 
Example 4.2. □ 

Lemma 2.33. For eachV , the boundary o/M„,^i.r(A) consists of those moduli spaces M„^ij'(A) 
such that r is obtained from V by collapsing an edge or edges with relations. Furthermore, each 
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M^^i r(A) is a product of the moduli spaces i(A) and M^^nj corresponding to the vertices 
ofT, where nj are the valences. 

Woodward-Ma'u [61] shows that the compactification M„^i(A) has the structure of a pro- 
jective variety, locally isomorphic to a toric variety. The local structure of M„^i(A) near the 
stratum Af„^i^r(A) of nodal lines with combinatorial type T may be described as follows. 

Definition 2.34. (Balanced labellings) For any colored tree T, a labelling 7 : Edge<oo(r) — )> C 
is balanced iff 

(7) n ^(^)^ = 1 

where v,w range over elements of Vert^(r) and Pi,^ is the unique non self-crossing path from 
V to w, and in the product the sign is positive if e is pointing towards the root edge marked zq 
and negative otherwise. 

Let Zr C Map(Edge^gj3(r), C) denote the space of balanced labellings. An element of Zy is 
called a tuple of gluing parameters. 

Example 2.35. (A singularity in the moduli space) For the tree F in Figure 12, with large 
dots indicating vertices in Vert^(F), the relations are 73 = 74,7173 = 7275,75 = 76- The 
corresponding toric variety Zy corresponds to a 3-dimensional cone with 4 extremal rays, and 
so the moduli space has a singularity at the vertex. Because toric surface singularities are 
always at worst orbifold singularities, the singularities of Z-p occur in complex codimension 
three and higher. 




Figure 12. An example of a colored tree 



Proposition 2.36. [61] There exists an open neighborhood o/M„,^i.r(A) inM„^i(A) isomorphic 
to an open neighborhood of x M„^i^r(A) in Zr x M„^i^r(A). 

Proof. The construction is a version of the Schiffer variation construction of the universal 
deformation of a genus zero nodal curve [5, p. 176] in which small balls around the nodes are 
removed and the components glued together via maps z 1— >■ 7/z. The scaling is determined by 
the product of the gluing parameters from the root component to the irreducible components 
with finite scaling, independent of the choice of irreducible component with finite scaling by 
the balanced condition (7). □ 
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Remark 2.37. (Codimension formula) The codimension of a stratum Af„ i(A) corresponding 
to a colored tree T is not the number of finite edges, but rather 

codim(M„,i,r(A)) = #Edge<^(r) + 1 - #Verti(r) 

where the extra summand 1 — Vert^(r) corresponds to the minus the number of relations on 
the gluing parameters (7(e))eGEdge<^(r) ^ Zr- 

Proposition 2.38. The boundary o/M„^i(A) consists of the following subsets (which will be 
divisors with respect to the algebraic structure on M„^i(A) introduced later): 

(a) (Bubbling points) For any / C {1, . . . ,n} of order at least two the subset 

Lj : ^M„,i(A) 

corresponding to the formation of a single bubble containing the markings I, with an 
isomorphism 

(8) L»7^Mo,|/|+i xM„_|,|+i,i(A). 

(b) (Blowing up scaling) For any r > and unordered partition [Ii, . . . , 1^], /i U . . . U = 
{1, . . .n} of order at least two, with each Ij non-empty, a subset D^j^ j^^ corresponding 
to the formation of r bubbles with markings Ii, . . . ,Ir, attached to a remaining compo- 
nent with infinite scaling. We have a homeomorphism 

(9) %!,...,/.]= (^ri^i/,i,i(^)) x^o,.. 

Remark 2.39. (a) The inclusions of these subspaces give the collection of spaces M„^i(A) the 
structure of an algebra over the operad associated to the notion of homotopy morphism 
of operads in [60]. However, we will not use or need this language and will not discuss 
it further. 

(b) (Relation to the multiplihedon) The moduli space M„^i(A) has a "positive real locus" 
that appears in Stasheff's description of A^o morphisms [86]. Namely, taking a real 
structure on A, the anti-holomorphic involution on A induces an anti-holomorphic invo- 
lution of M„^i(A). We denote by M„^i(A)'^ the fixed point locus, in which all markings 
are on the real line. The symmetric group Sn acts on Mn^i{A), and restricts to an action 
on M„_i(A)'* with fundamental domain given as the closure of the subset M„_i(A)'*'"'" 
where zi < Z2 < ■ ■ ■ < Zn, homeomorphic to Stasheff's multiplihedron Mult„ [61]. An 
^oo morphism of A^c spaces X, Y consists of a sequence of maps 

X" X Mult„ ^ y, n > 

satisfying a suitable splitting axiom on the boundary. 

The splitting axiom for morphisms of CohFT algebras is defined via divisors on M„^i(A). 
Because the singularities of the toric variety Zy occur in complex codimension at least three, 
M„^i(A) has a unique homology class of top dimension. In particular, each of the boundary 
divisors above has a well-defined homology class in Mfi^i(A). However, M„^i(A) is not smooth 
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(and not a rational homology manifold) and not every boundary stratum has a dual class. That 
is, given a divisor 

(10) D = Y,niDi+ ^Hh,...MD[h,...M 

I r,[h,-,Ir] 

there may or may not exist a class 7 € H'^{Mn^i{A)) that satisfies 

(/3,[D]) = (/3U7,[A^n,i(A)]). 

This requires the restriction to combinations of boundary divisors that have dual classes in the 
following definition. 

Let {V, (/i^)„>2) and {W, (/i^V)n>2) be CohFT algebras. 

Definition 2.40. A morphism of CohFT algebras from 1/ to is a collection of S'n-invariant 
(with Koszul signs) multilinear maps 

. yn ^ /7(M„,i(A)) ^W, n>0 
such that for any divisor D of the form (10) with dual class 7 G H^{Mn^i{A.)) we have 

(11) </."(a,/3U7) = J]n„^"-I^l(//I^l(ai,i € Ir),aj,j i 

I 

+ XI '>^'lh,■■■M^^wi^^Ho(i^^ S h; ■),..., (t>^'-{ai,i G ^r; •); ■)(''f/l,...,/,]/5)• 
r•,[/l,...,/r] 

where the sum is over unordered partitions [/i, . . . , Ir] of {1, . . . , n} with some Ij possibly empty, 
• indicates insertion of the Kiinneth components of tjj-^ j j/3, using the homeomorphisms 
(8), (9), the sum on the right-hand-side is assumed finite, and by convention if n = we replace 
H{Mn,i{A)) with A (since in this case M„^i(A) is empty). A morphism of CohFT algebras (f) 
is flat resp. curved if (j)^ is zero resp. non-zero. 

Remark 2.41. (a) In our examples, A = UagRA will be a filtered ring, and V = UagR, W = 
UaGR filtered A-modules. We say that a morphism of filtered CohFT algebras is defined 
as above but where the right-hand-side of (11) is finite modulo Wa for any o G M. 

(b) See Nguyen- Woodward-Ziltener [70] for a description of the space of Cartier divisors in 
M„^i(A), that is, a description of which combinations of codimension two strata have 
dual classes. 

(c) The definition of fiat morphism of CohFT algebras (which has nothing to do with fiat 
morphism of rings etc.) is analogous to the definition of fiat morphism of A^q algebras 
in [26]. That is, is analogous to the curvature of a morphism. 

(d) The divisors -Dji} |2}, -D{i^2} C M2,i = P are points (the limiting points in Figures 5, 6) 
and so have the same homology class. Using the splitting axiom (11) this implies that 
if (j)^ vanishes then (p^ is a homomorphism from {V, ^y) to {W,fi'^r). This is an analog 
of the fact that a fiat A^o morphism induces an algebra homomorphism of cohomology 
groups. 

(e) For simplicity we will consider here only the even case, that is, ^ is a usual vector space 
and there are no signs. 
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Now we discuss the connection of morphisms of CohFT algebras with Frobenius manifolds, 
or rather, the underlying family of algebras: 

Definition 2.42. Let V,W be vector spaces equipped with associative products : Ti,V'^ 
TvV,-k.w ■ T^W"^ T^W varying smoothly in v,w. A -k-morphism from 1/ to is an analytic 
map (j) : V ^ W whose derivative D^<j) is a morphism of algebras from T^V to T^(^,)VF for all 
v€V. 

In particular, ii (j) : V ^ W is a ^-morphism with Taylor coefficients (p^ then Dq(P = (j)^ is 
an algebra homomorphism from TqV to T^o^j^VK. 

Proposition 2.43. Any morphism of CohFT algebras (0"')n>o from V to W defines a formal 
•k-morphism from V to W via the formula 

n>0 

(j) arises from a fiat morphism of CohFT algebras iff 0(0) = 0. 

Proof. For convenience, we reproduce the argument from [70, Proposition 2.43]. Consider the 
relation 

[^{1,2}] = [^{i},{2}] e H\M2,iiA)) ^ 
from Remark 2.41 (c). Its pull-back under the morphism Mn,i(A) — > A/2,1 (A) forgetting all 
but the first two markings is the relation 

r,[/i,. ..,/,] / 

where the first sum is over partitions Ii, . . . ,Ir with 1 € /i , 2 € I2, and the second is over 
subsets / C {1, . . . , n} with {1, 2} C /. The splitting axiom implies for each a, 6 G TyV 

Dy(t){a-k^b) = V- — — ^ —(t>'^-''-^^{fiy{a,b,v,...,v;l),v,...,v;l) 

[I — 2)\[n — I)] ' 



J]((n - 2)!)- (/^l^' {aXv.....v-\),v,...,v; l) 



n,/ 

[in- 2)!#{j 1 = 0}!)-Vi;i.(<A"^l(a, v,...,v- 1), 

/l9l,/292,/3,...,/r 

01^^1(6,?;, ...,v; \)A^''\v, . . . ,v-\), . . . ,<i^\'\v, . . . ,v- 1); l) 
= . fn-l)!(.2-l)L!---v!(r-2)!^^^(^^^("'^'---'^'^)' 

" E U _ 2')! ^'^ {Dy4'{a),Di,(t){b), 4>{v), (I){v)) 
J, \ / • 

where the right-hand-side is assumed to be a finite sum in each graded piece. By definition 
(j){0) = iff (/)° vanishes iff {(p'')n>o is flat. □ 
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2.4. Compositions of morphisms and traces. Morphisms and traces on a CohFT algebra 
admit a notion of composition, which generalizes the usual homotopy notions of composition 
in the A^o setting. 

The definition of 2-morphism of a composition of a trace with a morphism depends on a 
moduli space of scaled parametrized curves which combines features of the complexified mul- 
tiplihedron and cyclohedron. Let M„^i(C) denote the space of n-marked 1-scaled curves with 
underlying curve C; we do not quotient by automorphisms of C. The space M„^i(C) admits 
a compactification M„^i(C) by allowing stable scaled curves allowing bubbles with zero area 
form or allowing the area form on C to degenerate to zero and affine scaled curves to develop 
as bubbles. Recall that any nodal map u : C ^ C class [C] has a relative dualizing sheaf 
given as the tensor product of the dualizing sheaf T^C for C and the inverse of the pull-back 
of the cotangent bundle T^C to C: 

(More detail is given below in Example 4.2.) A section of consists of a collection of rational 
one- forms Aj : Cj — )• T'^Ci on the bubble components, and a function Aq : Co C on the 
principal component, such that Aj have at most simple poles at the nodes and if so, the 
residues on either side of the node match. We denote by IP(r^ ©C) the associated bundle with 
projective line fibers. 

Definition 2.44. (Nodal Scaled Marked Curves) Let u : C — )• C be a map of class [C]. A 
scaling form is a section A : (7 — )• P(T^®C) such that on any connected component C' of C — Cq 
(that is, bubble tree attached to the principal component) the pair (C", A|C") is an affine scaled 
curve (if the scaling A is infinite on Co) or has zero scaling, otherwise. A nodal scaled curve 
parametrized by C is a map C ^ C equipped with a scaling form. An isomorphism of nodal 
scaled parametrized curves {Cj,Uj,u}j),j = 0, 1, is an isomorphism : Cq — )• Ci such that 

(a) (Scalings are intertwined) ^p*Xl = Xq. 

(b) (Markings are intertwined) V'(-2^o,i) = « = 1, . . . , n; 

(c) (Parametrization is intertwined) ip o uq = ui. 

A nodal scaled parametrized curve is stable iff it has no infinitesimal automorphisms, that is, 
each irreducible non-principal component has at least three special points or a non-degenerate 
scaling and two special points. The combinatorial type of a nodal scaled parametrized curve 
is a colored tree V = (Vert(r), £'(r)) with finite resp. semiinfinite edges £'<oo(r) resp. E^iV) 
obtained by replacing every irreducible component by a vertex and every node or marking with 
an edge, equipped with a root vertex vq G Vert(r) corresponding to the principal component 
and a partition 

Vert(r) = Vert°(r) U Vert^(r) U Vert~(r) 

corresponding to the irreducible components with zero resp. finite resp. infinite scalings. A 
rooted colored tree is stable if it corresponds to a stable scaled curve, that is, every non-root 
vertex in Vert''(r) or Vert°°(r) resp. Vert"^(r) has at least 3 resp. 2 incident edges. 

In other words, a stable scaled curve is a copy of the curve C with a section of the trivial 
bundle (necessarily constant) and a collection of stable curves attached (if the scaling on the 
principal component is zero or finite) or a curve with infinite scaling and a collection of stable 
scaled affine lines attached ( if the scaling on the principal component is infinite). 
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Let M„ i(C) denote the moduli space of isomorphism classes of n-marked, scaled curves 
with principal component C, and Mn,i,riC) the subset of combinatorial type T so that 

Mn,i{C) = UrM„,i,r(C). 

The topology on M„^i(C) is similar to that for M„.i(A) and is compact and Hausdorff. The 
local structure of M„^i(C) near the stratum Mn^i^r{C) of nodal lines with combinatorial type 
r may be described as follows. As in (7), for any colored rooted tree F, a labelling 7 : 
EdgeoQ(r) — )■ C is balanced iff 

(12) n ^(«)^ = 1 

w 

where v, w range over elements of Vert^(r) and P^^ is the unique non self-crossing path from v 
to w, and the product the sign is positive if e is pointing towards the root vertex and negative 
otherwise. Let Z-p denote the set of balanced labellings. As in [61] for each rooted tree T there 
exists a tubular neighborhood of the form 

M„,i,r(C7) xZr^M„,i(C) 

given by removing small neighborhoods of the nodes and gluing together using identifications 
depending on the gluing parameters. 

Example 2.45. Suppose that C consists of a principal component Co = C with infinite scaling, 
two other components with infinite scaling (dark shading), four components with finite scaling 
(medium shading), and two components with zero scaling (light shading) as shown in Figure 
9.23. The relations on the gluing parameters 71 = 72,73 = 74,7175 = 7376 imply that the 
curve obtained with gluing with non-zero gluing parameters is equipped with the area form 




71 = 72,73 = 74, 
7l75 = 7376 



Figure 13. Gluing relations on a marked scaled curve 

Proposition 2.46. The boundary of Mn,i{C) is the union of the following sets (which will be 
divisors once the algebraic structure on M„^i(C) is introduced) 

(a) (Bubbling points) For any subset Id {1, . . . , ?i} of order at least two we have a subspace 

ii :Di ^Mn^i{C) 

and an isomorphism 

ipi : Di ^ ^0,1/1+1 X Mn-|/|+i,i(C) 
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corresponding to the formation of a bubble with markings Zi,i € / with zero scaling. 

(b) (Blowing up scaling) For any unordered partition [Ii,...,Ir] of {1, ... ,n} we have a 
subspace 

^[/i,...,/,.] : D[i^,...,ir] ^Mn,i{C) 

and an isomorphism 

r 

i=i 

corresponding to degeneration of the area form to infinity, and bubbles with non- degenerate 
area form containing the markings. 

(c) (Fixing a scaling) For any p & C, particular for p = 0, there is an inclusion 

by choosing any scaling puc- 

Proof. The description of boundary subspaces is immediate from the tubular neighborhood 
description of each stratum and a dimension count, which is the same as in Remark 2.37. □ 

The adiabatic limit Theorem 1.5 will be deduced from the following divisor class relation: 

Proposition 2.47. (The basic divisor class relation in the moduli of stable scaled curves) The 
homology class of Lp{Mn{C)) is equal to that of the union of classes of D^j.^ j^j over unordered 
partitions. 

Proof. The equivalence in homology induced by the map p : Mn,i{C) P equates the homol- 
ogy classes of p~^(0) = Mn{C) with p~^{oo) = ^r,[ii,...,ir]'^lii,-,ir]^ ^ '^^^ check that the 
multiplicity of each divisor on the right hand side is 1 , using the fact that linear equivalence of 
divisors implies homology equivalence. □ 

Suppose that V, W are (even, genus zero) CohFT algebras, with structure maps 

: X H{Mo,n+i) -^V, l^w-.Wx H(Mo,n+i) ^ W. 

Let (j)"" : X H(Mn,i{A.)) V he a morphism of CohFT algebras, and tv,tw traces on V, W 
respectively. 

Definition 2.48. (2-morphisms for compositions of traces and morphisms) A 2-morphism from 
(j) o Tw to TV is a collection of maps 

i; ■.V'' X H(Mn,i{C)) ^W, n>0 

such that 

(a) (Fixing Scaling) if jp G H'^(Mn,i{C)) is the dual class to ip(M„(C)) then 

ip^'iai, . . . , a„; /? U 7p) = Tv(ai, . . . , a„; i*/3); 

(b) (Bubbling points) if 7/ C H'^{Mn,i{C)) is the dual class to the divisor Dj corresponding 
to bubbling off markings Zi,i G /, then 

riai, . . . , an; /3 U 77) = V""'"+'(«i, j ^ I, ^'''(a*, ^ e /, •); Wia/3); 
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(c) (Blowing up scaling) D = n^j-^ , , /^j-Dj/^ /^j is a boundary divisor with dual class 
7 then 

(13) V'"(ai,...,a„;/3U7) = 

5^ T{v{^^''Kc^i,i G /i ;•),•••,'/'"'■' ("i,^ e ^r-; •); 

[Iu-,Ir] 

We write ry =^ tw ° (t>- 

Lemma 2.49. If Ty =^ Tyy ° <t> then 

Tv{ai,...,an;i*p/3) = J2 TH/(</'''^''("ii^ e h; ■),..., ct)^^'-^{ai,i G J^; •); ^(^[/i,...,/,]/?) 

r,[Ii,-,Ir] 

Proof. By combining (a) and (c) in the definition and using the equality of the homology 
class [Dp] of the divisor Dp corresponding to fixed scaling and the divisor at infinite scaling 

Lemma 2.50. If gv^dw 0,^^ the metrics on CohFT algebras V,W defined by traces tv,tw 
and there is a 2-morphism Ty —ip tw ° (p then (p : V ^ W is an isometry in the sense that 
gv{vi.V2) = gw{DvHvi), DvfpM)- 

Proof. We restrict to the case = for simplicity. Since ry =^ tw o (/) we have 

gv{vi,V2) = ^—^Ty'^'^{vi,V2,V,...,V;jlUj2) 

n>0 

^ ((ii - l)!(i2 - mi . . . irKr - 2)\)-'Tly{cp'^{vuv, ...,v), 

n>0,ii,...,ir 

(j)'^{v2,v, ...,v),(t>'''{v,...,v),...,(t>'^{v,..., v); 71 U 72) 

= gwiDv4'{vi),D^(l){v2)). 

□ 

We next discuss compositions of morphisms of CohFT algebras. These are not used in the 
paper, but play a role in the "quantum reduction in stages" Conjecture 8.10 and complete the 
picture of CohFT algebras as complex analogs of A^o algebras. The definition depends on the 
following moduli space, which again is a complexification of a space that was briefiy mentioned 
in Stasheff [86]. 

Definition 2.51. (Multiply scaled, marked affine lines) An s-scaled, n-marked affine line is 
an affine line A equipped with s scalings Ai, . . . , € J7^(A)'^ — {0} as in Definition 2.23 and 
an n-tuple of distinct points in A. An isomorphism of s-scaled, n-marked affine 

lines (A, A, z) to (A, A',z') is an isomorphism -0 : A — t- A preserving the scalings and markings: 
K,o = fp*K,i for i = 1, . . . , s and ij{zj) = for j = 1, . . . , n. 

Let M„^s(A) denote the moduli space of isomorphism classes of s-scaled, n-marked affine 
lines. M„^s(A) has a natural compactification obtained by allowing bubbles on which a proper 
subset of the scalings have gone to infinity or zero. 
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Definition 2.52. (Multiply scaled, marked nodal affine lines) A s-scaled n-marked nodal curve 
{C,z,X) consists of 

(a) (Curve) a nodal curve C with irreducible components denoted Co, ■ ■ ■ ,Ck 

(b) (Markings) A n + 1-tuple of distinct smooth points z = [zq, . . . , Zn) € C""'"^, with 
zq G Co; 

(c) (Scalings) a collection of possibly degenerate scalings A = (Ai,...,As), where each 
Xj :C ^ FiT'^C © C) is a scaling as in Definition 2.23 

such that 

(a) (Monotone) for any non-self-crossing path from the root marking zq to a marking Zi,i > 
0, there is exactly one irreducible component m{i,j) on which the j-th scaling is non- 
degenerate; the irreducible components previous to m{i, j) have infinite j-th. scaling and 
the irreducible components after that have zero j-th scaling. 

(b) (Balanced) For any indices j, k, the ratio between the j-th and k-th scaling is indepen- 
dent of the choice of irreducible component. This means that if there is an irreducible 
component on which Xj and A^ are both non-zero and finite, then the ratio Xj/Xk is 
independent of such an irreducible component and Xj is finite whenever Xk is, and if 
there is no such irreducible component, then for each non-self-crossing path from zq 
to Zi,i > either m{i,j) < m(i,k) for all i = 1, . . . , n or ?7i(i,j) > m{i,k) for all 
i = 1, . . . , n with respect to the ordering given by the distance from root marking zq. 

A s-scaled, n-marked line C is stable if it has no infinitesimal automorphisms, that is, each 
irreducible component of C with at least one non-degenerate scaling and two special points, or 
three special points. The combinatorial type of a nodal s-scaled, n-marked affine line {C,X,z) is 
an s-colored tree, whose vertices correspond to irreducible components of C, whose finite edges 
correspond to nodes, whose semiinfinite edges correspond to markings, and for each j = 1, . . . , s 
the set of j -colored vertices Vert-^(r) C Vert(r) corresponds to irreducible components on 
which the j-scaling is non-zero and finite. The colorings satisfy the monotonicity and balanced 
conditions above. An s-colored tree is stable if it corresponds to a stable s-scaled affine line, 
that is, each vertex that is not resp. is in one of the sets Vert-'(r) has valence at least three 
resp. two. 

Let M„^jj(A) denote the set of isomorphism classes of connected s-scaled, n-marked affine 
lines. It has a natural topology, similar to that for M„^i(A) and is compact and Hausdorff. 

Example 2.53. Mi^2{^) is the moduli space of twice scaled affine lines with one finite marking 
and a marking at infinity. Using the translation to put the finite marking at zero the open 
stratum Mi^2(A) consists of isomorphism classes of pairs (Ai = widz,X2 = 'W2dz), identified 
with by the map [(i(;id2;, W2dz)] i-^ W2/W1. The two boundary points occur when wi/w2 — > 
or t(;i/t(;2 ^> 00. In each case the limiting configuration consists of two irreducible components 
Co, Ci where some A^ is finite on Co and zero on Ci, and Aj, j 7^ i is infinite on Co and finite 
on Ci. See Figure 14, where the root marking zq is on the bottom. 

Proposition 2.54. The boundary of Mn.s{^) is the union of the following sets (which will be 
divisors once the algebraic structure on Mn,s{^) is introduced) 
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Figure 14. Degeneration of curves with two scalings 



(a) (Bubbling points) For any subset I C {1, ... n} of order at least two there is a subspace 
and an isomorphism 

ipj -.Di -> Mo,|/|+i X M„_|j|+i^,(A) 

corresponding to the formation of a bubble containing the markings Zi,i G / with zero 
scalings on that bubble. 

(b) (Degenerating Scalings) For any unordered partition [Ii, . . . , Ir] of {1, ... ,n} of order 
at least two and subset J C {1, . . . , s} there is a subspace 

^[7i,...,7.],J : ^[/i,...,/,.],J ^^n,s(A) 

with an isomorphism 

r 

nh,...M,J • ^[/i,...,/.],J ^^r+l,s-|J|(A) X JJM|7^|+i,|j|(A) 

1=1 

corresponding to the formation of r bubbles containing markings Ij,j = l,...,r with 
the scalings j £ J finite on those bubbles. 

That is, 

aM„,,(A)= [J DjU [J 

7c{l,...n} J,[h,-M 

For any unordered partition [Ji, . . . , J,.] of the scaling indices {1, . . . , s} we have a canonical 
embedding 

t[Ji,...,J.] : M„,^(A) ^M„,,(A) 

corresponding to the locus where the scalings j € Jj are equal. In particular there is an 
inclusion 

^{1,...,.} :^n,i(A) ^M„,,(A) 

defined by setting all scalings equal. Consider the inclusion /-{i^,,,^^} given by setting all scalings 
equal. Denote the induced map in cohomology 

il^^ : //(M„,i(A)) ^ i7(M„,,(A)) 
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Definition 2.55. (2-morphisms for compositions of morphisms) Given morphisms of CohFT 
algebras 

(</'Ol)n>0 : 1^ ^ ^1, {<t^l2)n>0:Vi^V2, ((/'^sWo : ^0 ^ ^2 

a 2-morphism from (pQi o (j)i2 to 002 is a collection of maps 

^P-.Vq'' xH(Mn,2m^V2,n>0 
such that ^(1 X /-j]^ 2}) ~ '^02 while 

(14) ^(a,/3U7{i},{2}) = Yl 05i(ri2k«*,^e/i;O,...,</'l2kai,* eI,;•);•)(^{l},{2}/3)• 
r•,[/l,...,/r] 

Here the dots indicate insertion of the Kiinneth components of with respect to the 

decompositions (8), (9). 

We say that the diagram of CohFT algebras 

Vo V2 




Vi 

commutes. Any commutative diagram of CohFT algebras induces a corresponding commutative 
diagram of formal ★-morphisms 0o2 = 0i2O'^oi- There is a similar notion of commutative simplex 
of CohFT algebras. With this notion of simplex, one has a simplicial space whose vertices are 
CohFT algebras, edges are morphisms, triangles are 2-morphisms etc. In this way CohFT 
algebras form an 00-category. 

3. Symplectic vortices 

In physics, a vortex refers to a stable solution of classical field equations which has finite 
energy in two spacial dimensions, see for example Preskill [80] and, for a more mathematical 
treatment, Jaffe-Taubes [42] who classified vortices for scalar fields. In mathematics, vortices 
often refer to pairs of a connection and section of a line bundle satisfying an equation involving 
the curvature and a quadratic function of the section, see for example Bradlow [13]. Symplectic 
vortices are vortices in which the "field" takes values in a symplectic manifold with Hamiltonian 
group action. In this section we review the symplectic approach to gauged Gromov-Witten 
invariants, also known as symplectic vortex invariants or Hamiltonian gauged Gromov-Witten 
invariants, as introduced by Mundet and Salamon, see [16], [67]. If the moduli spaces of 
symplectic vortices are smooth, then integration over them defines the required invariants and 
the proofs of the Theorems 1.3, 1.5 are immediate. Of course, the moduli spaces are not 
smooth, or of expected dimension in general, and to define the needed virtual fundamental 
cycles we pass to algebraic geometry, starting in the following section. 

3.1. Gauged holomorphic maps. In this section we review the construction of the moduli 
space of symplectic vortices as the symplectic quotient of the action of the group of gauge 
transformations on the space of gauged holomorphic maps; this generalizes the construction 
of the space of fiat connections as the symplectic quotient of the action of the group of gauge 
transformations on the space of connections on a bundle. Unfortunately since the space of 
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gauged holomorphic maps is in general singular, this construction is rather formal and serves 
only for motivation for what follows. 

Let K be a compact group with Lie algebra t. We assume that t is equipped with a K- 
invariant metric, inducing an identification t'^ — )■ t. We denote by EK — ?> BK a universal K- 
bundle, unique up to homotopy equivalence. For any i^T-space X, we denote by Xk '■= XxkEK 
the homotopy quotient and by H^{X) := H{Xk) the equivariant cohomology. 

Let P ^ C be a principal i^-bundle over a compact surface C, and tp : C ^ BK a classifying 
map for P. Denote by 

VL{P,ty^ = {6 e n{P,t) \{k-^)*e = Ad{k)9} 
the space of i^T-invariant forms and by 

A{P) = {9€ n\P,tf |0.(rt(ep(p)) = e,V^ etpeP} 

the space of (principal) connections on P, where £,p{p) = ^|t=oJ'exp(— t^) is the generating 
vector field at p. The space A{P) is an affine space with a free transitive action of the space 
J1^(C, P(t)) of one-forms with values in the adjoint bundle P{t) = P ^- Let 

AiP) ^n^iC,P{t)), A^Fa 

denote the curvature map. 

Let X be a Hamiltonian iT-manifold with symplectic form lj and moment map $ : X — ?• t"^. 
By our convention this means that for all G we have uj{S,x, ■) = — d($,^) where S,xix) = 
■^\t=o exp{—t^)x is the generating vector field for ^. Recall that P{X) is the associated X- 
bundle. Sections u : C ^ P{^) ^-^^ in one-to-one correspondence with lifts uk of if) to Xk- 
Given a section u : C ^ P{X), the homology class [u] is defined to be the homology class [u] := 
uk,*[C] € {X,Z). The equivariant symplectic form ujk £ ^"xi^) pulls back to ^"^iP x X) 
and descends to a closed, fiber-wise symplectic two-form LOp(^x),A ^ ^^(-P(^)) depending on 
the choice of connection A. Its cohomology class [wp(x)] S H'^(P{X)) is independent of the 
choice of connection. The equivariant symplectic area of u is 

D{u) = {[u],[uk]) = {[C],u*[cop(^x)]) 

where ( , ) denotes the pairing between homology and cohomology. More concretely, we have 
D{u) = J^u*ujp^x),A independently of the connection A. We denote by P($) : P{X) 
P[i^) = P{i) the map induced by A gauged map from C to X is a datum {P,A,u) where 
A G A{P) and u : C ^ is a section. Given a metric on C, we denote by 

the associated Hodge star. The energy of a gauged map [A, u) is given by 
(15) E{A,u) = ^f *{\\dAu\\' + \\FAf + \\u*Pm^). 

Suppose the C is a complex curve. Denote by J^{X) the space of almost complex structures 
on X compatible with oj. The action of K induces an action on J'{X), and we denote by 
J'{X)^ the invariant subspace. Any connection A E A{P) induces a map of spaces of almost 
complex structures 

J{Xf ^ J{P{X)), J^Ja 
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by combining the almost complex structure on X and C using the splitting defined by the 
connection. Let T{C,P{X)) denote the space of sections of P{X). We denote by 

dA : T{C,P{X)) J O0'i(C,u*r^'=''*P(X)) 

u(iT{C,P(X)) 

the Cauchy-Riemann operator defined by Ja- 

Definition 3.1. (Gauged holomorphic maps) Suppose that X is a Hamiltonian ET-manifold 
equipped with an invariant almost complex structure J, C is a complex curve, and -P — t- C is 
a principal ii'-bundle. A gauged holomorphic map for P is a pair (A, u) satisfying Bau = 0. 

Let HlPjX) be the space of gauged holomorphic maps for P: 

niP, X) = {{A, u) € A{P) X T{C, P{X)), Oau = 0}. 

The energy and symplectic area are related by a generalization of the familiar energy-area 
relation for pseudoholomorphic maps in [62]: 

Proposition 3.2. (Energy-area relation, [16, Proposition 3.1]) Suppose that X is a Hamilton- 
ian K -manifold equipped with an invariant almost complex structure J, C is a compact complex 
curve, and P ^ C is a principal K -bundle. Let (A, u) he a gauged map from C to X with 
bundle P. Let uoc be the area form determined by a choice of metric on C . The energy and 
equivariant symplectic area are related by 

(16) E{A,u) = D{u)+ [ *\\dAuf + *l\\FA + u*P{^)ujcf. 

Jc ^ 

The second term in this equation has a symplectic interpretation. Formally the space 
%{P,X) has a closed two- form induced from the sum of the symplectic form on the afRne 
space of connections and the space of maps to X. Let P{oj) denote the fiber-wise two-form on 
P{X) defined by w. Let ujc € ^^^(C) be the area form defined by the metric and consider the 
formal two- form on T-i{P,X) 

(17) ((ai,t^i), (02,-^2)) ^ / {ai Aa2) + {u*P{uj)){vi,V2)oJc 

Jc 

where (ai A 02) G VL^{C,M.) denotes the real-valued two-form induced by wedge product and 
the metric on P{t). The form (17) is the formal restriction of a closed two-form on the space of 
all sections C — ?> P{X)^ and so restricts to a closed two- form on the smooth locus of l-i{P,X). 
If X is Kahler, then the moduli space of holomorphic sections, where smooth, is an almost 
complex manifold, and this can be used to show non-degeneracy of (17). Let IC{P) denote the 
group of gauge transformations, with Lie algebra the space of sections 

i{P) = n^{C,P{i)) 

of the adjoint bundle P{t) with Lie bracket defined by the map P{t) x P{t) P(t) induced 
by Lie bracket on t. The action of IC{P) on ?^(P, X) has generating vector fields given by the 
covariant derivative and infinitesimal action 

Cn(p,x)iAu) = (dAtCxiu)) G nHcPit)) X n^{c,u*T^'''Pix)), e e ^''{c,Pit)) 

where G Map{P{X), P(TX)) is induced by the infinitesimal action tx X ^ TX of K. 
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Proposition 3.3. The action of K,{P) preserves the two-form (17) and has formal moment 
map given by the curvature plus pull-back of the moment map for X , 

HiP,X) ^n\C,Pit)), {A,u) ^ Fa + u*P{<I>)u;c. 

Proof. The action preserves the two-form by invariance of the inner product ( , ) on t and 
symplectic form lo on X. To prove the moment map condition, note that for (A, u) € T-i{P, X) 
and {a,v) G Ta,uT~(-{P, X) we have 

[ {dA^Aa)+P{u){^x(.u),v) = [ {-^AdAa)-L,u*{P{^),0 
Jc Jc 

= -L^,^,)iFA + u*P{^)ujc,0 
where resp. -Z^{a,?)) denotes the derivative in the direction of v resp. {a,v). □ 

Definition 3.4. A gauged map {A,u) G 7i{P,X) is a symplectic vortex if it satisfies the 

(Vortex Equation) Fa,u ■= Fa + u*P{^)ujc = 0. 

An isomorphism of symplectic vortices {Aj,Uj),j = 0, 1 with bundle P is a gauge transforma- 
tion (f> : P ^ P such that (l)*Ai = Aq and [0, Idx] o uq = m, where [(^,Idx] : P{X) P{X) 
is the fiber-bundle-automorphism induced by (j). An n-marked symplectic vortex is a vortex 
{A,u) together with an n-tuple z = (zi, . . . , z.„) of distinct points in C. A framed vortex is 
a collection (A, u,z, (j)), where (A, u,z) is a marked vortex and (p = {(pij • • • > 4'n) is an n-tuple 
where each : Pz- —?■ K is a ii'-equivariant isomorphism, that is, a trivialization of the fiber. 

Let Mn{P,X) denote the moduli space of isomorphism classes of n-marked vortices and 
M^{C,X) the union over isomorphism classes of bundles P ^ C. The moduli space {C, X) 
is homeomorphic to the product (C, X) x Mn{C) where Mn{C) denotes the configuration 
space of n-tuples of distinct points in C. 

3.2. Nodal symplectic vortices. The bubbling phenomenon for holomorphic curves also oc- 
curs in the case of symplectic vortices and prevents compactness of the moduli spaces. However, 
once one incorporates bubbles and fixes the homology class the moduli spaces become compact, 
as we now explain following Salamon et al [16] who proved compactness of the moduli space of 
vortices of fixed homology class in the case that X has no holomorphic spheres, and Mundet 
[67] and Ott [77] who compactify the moduli space of vortices by allowing bubbling in the fibers 
of P(X). 

Definition 3.5. (Nodal vortices) Suppose that X is a Hamiltonian i^T-manifold equipped with 
an invariant almost complex structure J and C is a connected smooth projective curve. A nodal 
gauged n-marked map from C to X with underlying bundle P consists of a datum (P, A, C, u, z) 
where 

(a) (Bundle and Connection) P — > C is a ii'-bundle and ^ is a connection on P; 

(b) (Stable section) u : C ^ P{^) is a stable map of base degree one, that is, vrou : C — > C 
is a stable map of class [C]; 

(c) (Markings) an n-tuple z = (zi, . . . , z„) G C" of distinct, smooth points of C. 

An isomorphism of nodal gauged maps (C", A' , u' ,z[), {C" , A", u" ,z^') with bundles P', P" con- 
sists of 
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(a) (Domain automorphism) an automorphism of the domain ip : C' ^ C", inducing the 
identity on C, and 

(b) (Bundle automorphism) a bundle isomorphism (j) : P' ^ P", inducing the identity on 
C, 

intertwining the connections and maps and exchanging the markings, that is, 

(a) (Isomorphism of connections) (f>*A" = A', 

(b) (Isomorphism of maps) u" = (j){X) o u' o ip where (j){X) : P{X) P'iX) is the map 
induced by (f) and 

(c) (Isomorphism of markings) ip{z'j^) = z" , i = 1, . . . ,n. 

A nodal vortex is a nodal gauged map such that the principal component is a vortex and there 
are no automorphisms with trivial bundle automorphism (gauge transformation). A nodal 
vortex is stable if it has finite automorphism group under the action of gauge transformations. 
That is, a nodal gauged map is a vortex if the principal component is a vortex and each sphere 
bubble Ci on which Ui is constant has at least three marked or singular points. Note that there 
is no condition on the number of special points on the principal component. In particular, 
constant gauged maps with no markings can be stable. 

For any map u : C P{X), the homology class [u] G H^{X,Z) of u is the push-forward of 
[C] under a map uk '■ C Xk obtained from a classifying map for P. 

The following extends the notion of convergence to the case of nodal marked vortices. 

Definition 3.6. (Convergence of nodal vortices) Suppose that X is a Hamiltonian i('-manifold 
equipped with an invariant almost complex structure J and C is a connected smooth projective 
curve. Suppose that {Py,Ay, Cu,u,^, z^) is a sequence of marked nodal vortices on C with values 
in X, and (P, A, C, u, z) is a nodal vortex with values in X. We say that [{Pu,At^, C^, Ai,, Ut^,z^)] 
converges to [{P, A,C , A, z)] if after a sequence of bundle isomorphism cp^ : P^ ^ P the 
connections Ai, converge to Aqo in the topology and [{Cu,u^, z^)] Gromov converges to 
[iC,u,z)]. 

See Ott [77] for more details on the definition of convergence. The definition of convergence 
implies in particular that the curvature Fa^ converges to Faoc ^"^i but A^, is not required to 
(and does not) converge to A uniformly in all derivatives. Recall from [16] a condition which 
guarantees compactness of moduli spaces of symplectic vortices with non-compact target: 

Definition 3.7. A Hamiltonian A'-manifold X with moment map <I> : X — )• t"^ is convex at 
infinity if there exists / G C°°{X)'-' such that 

(18) (Convexity condition) (V,„V/(x),u) > 0, df{x)X^<l>{x)*{x) > 

for every x € X and v € T^X outside of a compact subset of X. 

For example, if X is a vector space with a linear Hamiltonian action of K with proper 
moment map <I> then X is convex. The following is proved by Mundet [67] and Ott [77]. 

Theorem 3.8. (Sequential compactness for vortices with compact domain) Suppose that X 
is Hamiltonian K-manifold equipped with a proper moment map convex at infinity and an 
invariant almost complex structure J, C is a connected smooth compact complex curve. Any 
sequence of nodal symplectic vortices with bounded energy has a convergent subsequence. 
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Convergence for sequences with bounded first derivative is proved as follows: Suppose that 
{Aiy,Uu) is a sequence of symplectic vortices on a bundle P with smooth domain with the 
property that Ci, := sup = ||d^^tti/(zi/)|| is bounded. By Uhlenbeck compactness, 

after gauge transformation, we may assume that Ai^ converges weakly in the Sobolev W^'^ 
topology and strongly in C° to a limit Ace- After putting A^ in Coulomb gauge with respect 
to Aao, elliptic regularity for vortices (see [16, p. 20]) implies that {u^,A,y) has a C'-convergent 
subsequence of any I. 

More generally in the case of unbounded first derivative one has a bubbling analysis similar 
to that for pseudoholomorphic curves [16], [77]: If ||dyi„?Xj^(2:j^)|) — )• oo and ^ z we say that 
z is a singular point for the sequence {Au,Uu). 

Theorem 3.9. (Bubbling analysis for vortices with compact domain) Let X be a Hamiltonian 
K -manifold with proper moment map convex at infinity. 

(a) (Removal of Singularities) [77, Theorem 1.1] Any finite energy vortex {A,u) on the 
punctured disk D — {0} extends to a vortex on D. 

(b) (Energy Quantization) [77, Lemma 4.2] There exists an Eq > such that any for any 
singular point of a sequence {A,^,Uu), lim^^Qlimi,^oo E{A^,Uu\Bf.{z)) > Eq. 

(c) (Annulus Lemma) [77, Lemma 5.9] There exists a constant e > such that if {A, u) is a 
vortex on x [— i?, i?] — )• X then for every /x < 1 there exist constants Rq,5q,c > such 
that with E{A, u) < 6o, then the restriction of {A, u) to x [—R + 1, i? — 1] satisfies 

EiiA,u)\[_n^,^n-s]xS^) < Ce-^^'EiA,u), Vs G [-R + l,R-l]. 

(d) (Mean Value Inequality) [77, Corollary 2.2] There exist constants C,5,R > such that 
if {A,u) is a vortex on Br{0) with E{A,u\Br{0)) < 5 then 

{l/2)\\dAuiO)f + mumf < {C/r^)E{A,u 5.(0)). 

Remark 3.10. Given these ingredients the proof of compactness goes as follows. For each 
bubbling sequence z^ with ]]d^^M;y(z^)]] oo one constructs by soft rescaling a sequence of 
J^i-holomorphic maps uj, on balls of increasing radius, with the property that the limit Al, 
is zero and is an ordinary holomorphic map from C to X. Note that one does not have 
convergence of the sequence J^i ; however, [77, Appendix] shows that convergence of a 
sequence of almost complex structures is sufficient as long as one has a version of the mean value 
inequality, which in this case follows from the vortex equations. The limiting configuration is 
then constructed by induction. 

Denote by {C, X) the set of isomorphism classes of nodal vortices with connected domain. 
The combinatorial type of a nodal vortex is a rooted tree T with root vertex corresponding to the 
principal component, equipped with a labelling of vertices by elements of H^{X,Z). For any 
tree F and homology class d E H^{X, Z) we denote by M^p(C, X, d) the space of isomorphism 
classes of vortices of combinatorial type F, so that 

M'^{C,X)=[jM^AC,X,d) 

T 

as F ranges over connected combinatorial types. We say that a subset S of {C, X) is closed 
if any convergent sequence in S has limit point in S, and open if its complement is closed. The 
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open sets form a topology for which any convergent sequence is convergent, and any convergent 
sequence has a unique hmit, by arguments similar to [62, Lemma 5.6.5]. Namely local "distance 
functions" can be defined by combining the distance functions of [62] with the L^-metric on the 
space of connections. In the case n = 0, given a constant e > and stable vortex (P, Aq,Co, uq) 
and another stable vortex (P, Ai,Ci,ui) with the same underlying bundle P define 
(19) 

dist,([(P, Ao, Co, no)], [{P, Ai, Ci,ui)]) = inf ||A; • Ai - Ao\\l2 + distO([(Co, uq)], [{Ci, k ■ ui)]) 

k£K(P) 

where dist^ is the distance on isomorphism classes of stable maps defined on [62, p. 134], 
but using the Yang-Mills-Higgs energy on a small ball around each node. It follows from the 
results in Ott [77] and elliptic regularity for vortices that for e sufficiently small, a sequence 
[{P, Ai^,Cu,Uu)] converges to [{P, Aq,Co,uo)] if and only if 

dist,([(P, ^0, Co,uo)], [{P, A,, C„ u,)]) ^ 

and the remainder of the proof is similar to that in [62] . The sequential compactness Theorem 
3.8 implies: 

Theorem 3.11. (Properness of the moduli space of symplectic vortices) Suppose that X is 

a Hamiltonian K -manifold equipped with a proper moment map convex at infinity and an 

invariant almost complex structure J and C is a connected smooth projective curve. Then 
^ 

M„ {C, X) is Hausdorff and the energy map E : (C, X) — > [0, oo) is proper. 

3.3. Large area limit. In the large area limit the vortices are related to holomorphic maps to 
the (possibly orbifold) symplectic quotient, as pointed out by Gaio-Salamon [29]. The limiting 
process involves various kinds of bubbling which one hopes to incorporate into a description of 
the relationship. 

First recall the notion of symplectic quotient of X by K as introduced by Mayer and Marsden- 
Weinstein: Suppose that X is a Hamiltonian i^-manifold equipped with a proper moment map 
$ : X ^ Let 

X//K := ^~^{0)/K 

denote the symplectic quotient. If K acts freely and properly on <I>~^(0), then X//K has the 
structure of a smooth manifold of dimension dim(X) — 2dim(Er) with a unique symplectic form 
Wo satisfying i*uj = p*uJo, where i : <I>^"'^(0) X and p : $~^(0) — ?• X//K are the inclusion 
and projection respectively. Any invariant almost complex structure J on X induces an almost 
complex structure on X//K. 

If X C ¥{V) is a smooth projectively embedded variety in a G-representation V then X//K 
is canonically homeomorphic to the geometric invariant theory quotient X//G introduced by 
Mumford, by a theorem of Kempf-Ness. The latter is defined as the quotient of the semistable 
locus 

X'' = {x£ X\3k € Z+,s € H^{X,Ox{k)f,s{x) / 0} 

where Oxik) is the k-th tensor product of the hyperplane bundle on X. The git quotient X//G 
is the quotient of X^^ by the orbit- equivalence relation 

xi ~ X2 <S=^ Gxl n Gx^ n X^"" / 0. 
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A point X (z X is stable if Gx is closed in X^^ and the stabilizer Gx is finite. If stable=semistable 
in X then the points of X//G are the orbits of G in X^^, that is, two orbits are equivalent iff 
they are equal. 

Let C be a connected smooth projective curve, and suppose that X//K is a locally free 
quotient. 

Definition 3.12. A gauged holomorphic map {A^u) is an infinite-area vortex if it satisfies 
u*P{^) = 0. 

Let M^(C, X)oo denote the set of gauge-equivalence classes of infinite-area vortices, and 
M{C,X//K) the set of holomorphic maps from C to X//K. 

Proposition 3.13. Suppose that K acts locally freely on $~^(0). Then there is a bijection 
from M^^{C,X)oo to M{C,X//K). 

Proof See Gaio-Salamon [29, Section 2]. Given an infinite-area vortex {A, u), let u : C — ?> X//K 
denote the composition of u with the quotient map <I>~^(0) — ?> X//K. The equation Oau = 
implies du = (since TX — > T{X//K) is holomorphic) and so u € M{C,X//K). Conversely, 
given u : C ^ ^//^ let P be the pull-back of <I>~^(0) — )■ X//K, equipped with the connection 
given by JTX\^-^{0)nTX\^-^{0) = ■k*T{X//K). The equivariant map P $"^(0) defines a 
section u : G ^ P X. The equation du = implies Oau = 0, since Ja agrees with Jx//k on 
Tr*T{X//K). If {A,u) is constructed in this way from u then the corresponding map to X//K 
is u. To see that the map {A, u) i— t- u is injective, suppose that {A, u) and (A', u') define the 
same holomorphic map to X//K. Then after gauge transformation u = u' and the equations 
Sau = = Oa'u' and local freeness of the action imply that A = A'. □ 

Gaio-Salamon [29] studied under what conditions a sequence of symplectic vortices defined 
with respect to an area form PuU^c with py ^ oo converge to a solution of the limiting equations: 

Proposition 3.14. (Sequential compactness for bounded first derivative) Suppose that X 
is a Hamiltonian K -manifold with proper moment map convex at infinity equipped with an 
invariant almost complex structure J and G is a connected smooth projective curve. Suppose 
that {Ay,Uu) is a sequence of symplectic vortices for p^uJc with the property that sup ||dA^iti/|| 
is bounded. Then there exists a subsequence and a sequence of gauge transformations such 
that ky{Ay,Uy) converges to an infinite-area vortex (^00,1*00) uniformly in all derivatives. 

In general, however, various kinds of bubbling occur. 

Proposition 3.15. (Bubble zoology for the infinite area limit) Suppose that X is a Hamilton- 
ian K -manifold with a proper moment map convex at infinity and an invariant almost complex 
structure J and G is a connected smooth projective curve. Suppose that {Ai,,Ui,) is a sequence 
of vortices for puOJc, pu ^ 00 with 

Cu = sup lld^^u^ll = ||dA^ny(2:iy)||, := — . 

Consider the rescaled pair cpKA^jUu) on Bc^{0) where (j)u{z) = z^+z/c^. Noting that (pKA^, Uy) 
has sup ||d^.Ai,^^i^|| = 1 bounded. Then after passing to a subsequence one of the following pos- 
sibilities occurs: 
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(a) (Sphere Bubble in X//K) If lim^^oo = oo, then (pKA^, u^) converges to a solution to 
a solution to 3.12, that is, is equivalent to a holomorphic map to C — )• X//K. 

(b) (Affine vortex) // lim,^_>oo G (0,oo), then (p^A converges to a vortex on the 
affine line A, with respect to the Euclidean area form wa = fdz A dz. 

(c) (Sphere Bubble in X) If lim^^oo = 0, then (l)*{Ay,Uy) converges to a vortex with zero 
vortex parameter, that is, a holomorphic map C — )> X. 

The bubble trees that occur are described further in the following section. 

3.4. AfRne symplectic vortices. In this section we further study vortices on the complex 
affine line A, which arose in the Gaio-Salamon study [29] of the large area limit. Ziltener [98] 
studied the bubbles that arise in more detail. 

Definition 3.16. (Affine vortices) Suppose that X is a compact Hamiltonian i('-manifold 
equipped with an invariant almost complex structure J. An n-marked affine symplectic vortex 
with target X is a datum {A,u,z_), where A € r2^(A, g) is a connection on the trivial bundle 
P:=Axiir— )-A, tt:A^Xisa J^-holomorphic map, z = {zi, . . . , Zn) € A" is an n-tuple of 
distinct points, and 

(Affine Vortex Equation) Fa + u*^uja = 0. 

An isomorphism of scaled vortices {Aq,uq) to {Ai,ui) is an automorphism (p of (A,a;A) (neces- 
sarily a translation) and a gauge transformation k : A K satisfying k*(j)*{Ai,ui) = {Aq,uq). 

Let M^-^{A,X) denote the moduli space of isomorphism classes of n-marked affine vortices. 
It has a natural compactification by isomorphism classes of nodal affine vortices described 
as follows. Let C be an n + 1-marked connected genus zero nodal curve with irreducible 
components Ci, . . . , Cfc. For each irreducible component Ci there is a unique node Wi which 
disconnects Ci from the marking zq; we denote by = Ci — {wi} the complement. Each affine 
curve C° is isomorphic to C, uniquely up to translation and dilation. Thus C° admits a unique 
equivalence class of Kahler forms, equal to 0;^ = dz A dz(i/2) up to scalar multiplication. 

Definition 3.17. (Nodal affine vortices) Suppose that X is a compact Hamiltonian i^-manifold 
equipped with an invariant almost complex structure J. An n-marked nodal affine symplectic 
vortex with target X is a datum (C, P, A, u,uj,z) consisting of a connected n + 1-marked nodal 
curve C together with a principal ET-bundle P ^ C, a (possibly infinite or zero) two form 
a; : C — )■ V{A'^T^C ©M), a connection Ai on each P\Ci, a section u : C ^ P{X), and markings 
z_ = (zi, . . . ,2;n)) such that each irreducible component Ci of C is one of the following three 
types: 

(a) (Zero Scaling) Components with zero two- form, equipped with a trivial bundle P|Q 
and a pseudoholomorphic map Ui : Ci X . 

(b) (Finite, non-zero scaling) Components with non-zero, finite area form uj\Ci € il^(C?) 
equal to a non-zero multiple of ojj^ on C° = A and an affine vortex {Ai,Ui) on C°. 

(c) (Infinite scaling) Components Ci with infinite two- form uj\Ci, equipped with holomor- 
phic sections u\Ci : Ci — > P{X) mapping to the zero level set P($~^(0)), and so defining 
a holomorphic map Ui : Ci X//K. 

This datum should satisfy the following conditions 
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(a) (Monotonicity) For every non-self-crossing path from a marking Zi,i > to a marking 
zq, the path crosses exactly one irreducible component with finite, non-zero area form, 
and all irreducible components before resp. after that irreducible component have zero 
resp. infinite area form. 

(b) (Continuity) If Ci meets Cj at a node represented by a pair {wij,Wji) G Ci x Cj then 

Ui{Wij) = Uj{Wji). 

(c) (Stability) If Ci is an irreducible component on which the two-form is zero or infinity 
resp. finite and non-zero and Ui is constant resp. Ui is covariant constant and Ai is flat 
then Ci contains at least two resp. three special points. 

Remark 3.18. An irreducible component Cj is a ghost component if it satisfies one of the 
hypotheses requiring at least three special points or non-degenerate scalings; that is, Uj is 
constant or A\Ci is flat and u\Ci is covariant constant. The stability condition can then 
be reformulated as the condition that any ghost component has at least three special points 
(nodes or markings) or two special points and a non-zero, finite area form. Either of these 
conditions is equivalent to the absence of non-trivial infinitesimal automorphisms: infinitesimal 
automorphisms arising from gauge transformations are impossible because of the local freeness 
assumption for the action of K on $^^(0). 

There is a natural notion of convergence of affine nodal vortices which generalizes convergence 
with fixed area form in Definition 3.6. 

Definition 3.19. (Convergence of nodal affine vortices) A sequence of isomorphism classes of 
nodal marked affine symplectic vortices [{Ci^, P^, A^,Uu,uJu,z_^)] converges to a nodal marked 
affine vortex [(C, P, A, u, cjJ, z)] iff there exists for each irreducible component Cj of C, a sequence 
UjM C Cj of increasing open neighborhoods and for each v, a holomorphic embedding (j)j^iy : 
Uj^u Cy, an isomorphism il)j^^ : 4>*j^vPu ~^ P such that if ijjj^u{X) : (j)*j^P^{X) P{X) 
denotes the associated maps of fiber bundles then 

(a) (Open neighborhoods cover) the union of (j)j,u{Uj^u) is C^; 



compact subset of any Ujy ; 
(d) (Sections converge) tpj^^{X)*Uu converges to u\Cj uniformly in all derivatives in any 
compact subset of any Ujy, 



Proposition 3.20. (Sequential compactness for affine vortices) Suppose that X is a Hamilton- 
ian K -manifold with a proper moment map convex at infinity and an invariant almost complex 
structure J. Any sequence of isomorphism of classes of stable marked affine vortices with 
bounded energy has a convergent subsequence. 

The proof of the theorem above combines results of Ziltener [98], [100] who discusses bubbling 
of affine vortices and bubbles in X//K, and Ott [77], who treats bubbling in X. Namely: 
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Proposition 3.21. (Bubbling analysis for affine vortices) Suppose that X is a Hamiltonian K- 
manifold with proper moment map convex at infinity equipped with an invariant almost complex 
structure J. 

(a) (Energy quantization) [98, Lemma D.l] There exists a constant Eq > such that any 
non-trivial symplectic vortex {A,u) on C satisfies E{A,u) > Eq. 

(b) (Annulus Lemma) [98, Lemma 4.11] For every compact subset Xq C X and every 
number rg > there are constants Ei > 0, a > and ci > such that the follow- 
ing holds. Assume that r^ < r < R < oo and {A, u) is a vortex on the annulus 
A{r,R) = Br{0) — Br{0) such that u{z) G Xq for every z E A{r,R), and suppose that 
E({A, u)\A{r, R)) < Ei. Then for every X > 2 we have 

E{{A,u)Uix,x-iR)) < ciE{A,u)X-\ 

(c) (Mean value inequality) Let Xq C X be a compact subset. Then there exists a constant 
Eq > such that for every € C, r > and every symplectic vortex {A, u) satisfy- 
ing u{Br{zQ)) C Xq and E{(A,u)\Br{zQ)) < Eq, the energy density eA,u given by the 
integrand in (15) satisfies the estimate 

caA^o) ■■= l\\dAu{zQ)\\^ + \Mu{zQ))f < {8/7rr^)E{{A,u)\Br{zQ)). 

(d) (Removal of singularities) [98, Proposition D.6] Let {A, u) be a finite energy vortex on 
C. The map Ku : C — )> X/K extends continuously to a map P — t- X/K, such that 
Ku{oo) G X//K . Furthermore, 

(i) there are constants E > 0,C > and 6 > such that the following holds. For 
every vortex {A,u) on C and every R>1 such that E{w,C\Bfi) < E and every 
z e C\B2R we have eA,u{z) < CR^lzl-"^"^; 

(ii) there exist a number S > such that for 2 < p < 4/(2 — 5), then 

xq := lim u{r, 0) 

r— >oo 

exists, and there exists a map kQ € W^'P{[0,2tt],G) such that if Ag{r) denotes the 
restriction of the connection A in radial gauge to the circle {\z\ = e^} = , then 

lim maxd(u(re^^), kQ(6)xQ) = 0. 
sup WdekQk^' + Ae(r)||^.(si)e(-^+2/p+5/2)r ^ ^_ 

r>0 

Necessarily xq is fixed by k2n, which since K is compact and acts locally freely on 
$~^(0), is finite order. 

In the case that K acts freely on $~^(0), any finite energy vortex {A,u) on C has a well- 
defined evaluation at infinity eY^[A,u) € X//K, given by the limit of u{s + it) along any ray 
s + it = re^^ ,r — > oo. More generally in the locally free case, evoo(^,'u) = [A;o(27r), xq] lies in 
the inertia orbifold 

Ix//K G {(fc,x) G K X $^1(0) I kx = x}/K 

which, for example, appeared in Kawasaki [44]. The orbifold case was not treated in Ziltener 
[98]; however, the proof is almost the same as the manifold case. 
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Remark 3.22. (Failure of removal of singularities) The area form oja has a pole of order two 
at infinity and so one cannot expect an extension of {A, u) to the projective line to satisfy the 
vortex equations. Instead, the last item implies that the connection A converges in L^, after 
gauge transformation, to a connection of the form \d9 near infinity for some A G t with exp(A) 
finite order. By the implicit function theorem on C — Bn using weighted Sobolev spaces, one 
sees that any connection with exponential decay to Ad^ is complex gauge equivalent to Ad0, 
for R sufficiently large. Thus, after complex gauge transformation, we may take A to be equal 
to XdO in a neighborhood of oo € P. Taking P to be a orbi-bundle on given by gluing in the 
trivial bundle using transition map z^, it follows that {A,u) extends to a gauged holomorphic 
map on P mapping oo to $~^(0). However, the extension will not satisfy any vortex equation 
on the entire projective line P. 

Let M„.i(A,X) resp. M„ \ (A, X) denote the moduli space of isomorphism classes of nodal 

scaled affine vortices to X, resp. the moduli space of isomorphism classes of framed nodal 

fj. 

scaled affine vortices to X. i{A^X) admits an evaluation maps at the markings, and, as 
explained in [98] an additional evaluation map at infinity to Ix//k'- 

ev^ X evoo : M^f (A, X) ^ X^ x Ix//k- 
If acts freely, combining this map with a classifying map gives a map 

ev X evoo : Af Ji(A, X) ^ X"^ x Ix//k- 
If only acts locally freely, then the map above exists as a morphism of stacks, or after passing 
to a classifying space for the groupoid M„ ^(A, X), which has the same rational cohomology 
as M^i(A,X). 

Remark 3.23. The case that X and K are trivial gives the complexified multiplihedron Mn,i 
constructed in Section 2.3. Indeed, each irreducible component Ci with finite or non-zero scaling 
is equipped with a isomorphism with the affine line, unique up to translation, and therefore a 
scaling Aj . Thus the underlying curve of any affine vortex is automatically a (possibly unstable) 
scaled affine curve in the sense of Section 2.3. 

Let M^i{K, X) denote the moduli space of isomorphism classes of finite energy n-marked 
vortices on A (the additional marking at infinity) with values in X. By combining the sequential 
compactness theorem 3.20 with local distance functions as in (19), one has: 

Theorem 3.24. (Properness of the moduli space of affine vortices) Suppose that X is a 

Hamiltonian K-manifold with proper moment map convex at infinity, equipped with an in- 

}^ 

variant compatible almost complex structure. M,^ i[A, X) is Hausdorff and the energy map 
E : M^^i{A,X) [0, oo) is proper. 

3.5. Stable maps to orbifolds. In order to understand bubbling in the infinite area limit we 
briefly review the definition of a stable maps for orbifold targets, studied in Chen-Ruan [14], 
which appear as bubbles in the definition of certain gauged maps. The corresponding algebraic 
theory by Abramovich-Graber-Vistoli [1] will be reviewed in Section 5. Recall that 

Definition 3.25. (Stable pseudoholomorphic maps to symplectic orbifolds) 
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(a) an orbifold structure on a topological space C is a proper etale groupoid together with 
a homeomorphism of the space of objects to C; 

(b) An nodal orbifold structure on a nodal complex curve C is an orbifold structure on its 
normalization, such that the automorphism group of any nodal point is independent of 
the choice of irreducible component containing it. 

(c) A nodal orbifold structure is a twisting if each point with non-trivial automorphism is 
either a node or marking, and for each node, the orbifold charts satisfy the following 
balanced condition: the chart on one side of the node is of the form U/fir for some r 
where /i,. acts on U C C a neighborhood of 0, while the orbifold structure on the other 
side is is C/fir with the conjugate action by exp(— 27ri/r). 

(d) Let y be a compact symplectic orbifold equipped with a compatible almost complex 
structure J. A stable map to y is a complex nodal curve C equipped with a twisting 
and a representable pseudoholomorphic orbifold map u : C Y. 

Remark 3.26. Representability means that the map u is smooth after passing to etale cover in Y: 
If z £ C and u{z) S Y has automorphism group Aut(u(2:)), then there exists an orbifold chart 
U/ Aut(M(2;)) for Y near u{z) so that the groupoid fiber product u~^{U / Aut(2:)) '><u/ Aut{u{z)) U 
is an orbifold chart for z and u has a smooth local lift utoU given by projection on the second 
factor. In particular, Aut(2;) injects into Aut(M(z)). 

The notion of Gromov convergence of twisted pseudoholomorphic maps which generalizes 
Gromov convergence of stable pseudoholomorphic maps. Let Mg^^iY) denote the space of 
isomorphism classes of connected, genus 5, n-marked stable maps to Y . 

Theorem 3.27. (Properness of moduli spaces of stable maps to orbifolds) Let Y be a compact 
symplectic orbifold equipped with a compatible almost complex structure. Mg^niY) is HausdorfJ 
and the energy map E : Mg^niX) — ^ [0, 00) is proper. 

Proof. By Chen-Ruan [14] , who list the necessary changes in the proof of the compactness of 
the moduli space of stable curves for manifold targets. □ 

3.6. Vortices with varying scaling. The adiabatic limit Theorem 1.5 will be proved by 
studying a moduli space of curves with varying scaling which interpolates between the moduli 
space of vortices for a fixed area form loc and the infinite area limit. More precisely, Theorem 
1.5 will follow from a divisor class relation in the source moduli space constructed in Section 
2.4, just as associativity of the quantum product follows from a divisor class relation in moduli 
space of stable curves. 

First we construct the objects that appear in the infinite area limit. Let X be a Hamiltonian 
ET-manifold with proper moment map, so that X//K is a locally free quotient and so an orbifold. 

Definition 3.28. (Nodal infinite area vortices) An n-marked nodal infinite area wortex consists 
of the following datum: 

(a) (Stable map to the quotient) a stable r-marked pseudoholomorphic map u : Co — >■ 
C X X//K of class ([C],do) for some do G H2{X//K)- 

(b) (Affine vortex bubbles) for each marking Zj G Co a stable ij-marked affine vortex 
{Cj,Aj,Uj,Zj) with markings Zj = {zj^i, . . . , zj^i.) and orbifold structure of Cj at the 
point at infinity ZjQ matching the orbifold structure of Cq at zqj € Co, so that the 
union Co U Ci U . . . U C^ is a balanced orbifold curve; 
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(c) (Matching condition) the value Ui{zifi) = P2(^ti(-2j,o)) in ^//K, where p2 ■ C x X//K 
X//K is the projection on the second factor. 

An isomorphism of nodal infinite area vortices is a combination of an automorphism of the 
underlying curves intertwining the scalings and a bundle isomorphism on the affine vortex 
bubbles, intertwining the markings, scalings, connections and maps. 

Remark 3.29. We denote by C the nodal curve obtained by gluing together the curves Co and 
Ci at {zi^ZQ^i)] the matching condition means that the orbifold structures glue together to a 
twisting of C . Removal of singularities for vortices in Remark 3.22 implies that orbi-bundles 
Pj defined by the limit of the connections at infinity glue together with the bundle Pq — t- Cq 
given by pull-back of <I>~^(0) — )■ X//K, to give a bundle P ^ C. The matching condition 
then implies that the section uq over Co and Uj over Cj glue together to a section of P{X) 
over C with fairly weak regularity properties at the nodes with infinite scaling, so that u takes 
values in the zero level set $~^(0) on the subset of C with infinite scaling. An isomorphism of 
nodal symplectic vortices is then an automorphism of the domain intertwining the connections 
(singular at the nodes with infinite scaling), maps, scalings, and markings. 
X 

Let Af„ (C, X)oo denote the moduli space of isomorphism classes of nodal infinite-area vor- 

^ 

tices. From the description above, M„ (C, -'^)oo is the union of fiber products 

r 

Mf (C,X)oo X(,^,^),. J]MfJ^.|^i(A,X) 
i=i 

over unordered partitions [Ji, . . . , of {1, . . . , n}. 

We combine the moduli spaces above into a moduli space of vortices with varying area form. 
Let bJc G il^(C, M) be an area form. 

Definition 3.30. (a) (Two-form corresponding to a scaling) Any scaled curve [v : C ^ 
C,X : C ^ P(r^ © C)) in the sense of Definition 2.44 defines a volume form oJciv, A) G 
J72(C',M U{oo}) as follows. 

(i) If A is finite on the principal component, then ujc{v, A) is |Ap times the form toe 
on the principal component, and on the bubble component u}c{v, A) vanishes. 

(ii) If A is infinite on the principal component, then ljc{v, A) is equal to A A A on each 
bubble tree. 

(b) (Scaled vortices) A marked scaled vortex with domain C and target X consists of a 
marked scaled curve f : C — )■ C, A : C — > P(r^ C)) together with a vortex on C 
corresponding to the form ujc{v,X). That is, 

(i) If A is finite on the principal component, then a vortex vq on the principal compo- 
nent corresponding to the area form ujciv, A) |Co and a collection of sphere bubbles 
Vi : Ci ^ X for each component Cj C C, i 7^ 0; 

(ii) If A is infinite on the principal component, then a holomorphic map uq : Co ^ 
X//K on the principal component Cq and a collection of nodal affine vortices on 
the bubble trees attached to Co; 

Both should satisfy natural matching conditions at the nodes. A marked scaled vortex 
is polystable if each non-principal component with finite, non-zero scaling (resp. zero or 
infinite scaling) has at least 2 (resp. 3) special points. The notion of isomorphism of 
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marked scaled vortices, using gauge transformations and automorphisms of the domain, 
is left to the reader. A marked scaled vortex is stable if it is polystable and has no 
infinitesimal automorphisms. 

We denote by M^^(C, X) the moduli space of isomorphism classes of marked scaled vortices, 

and by M^i{C, X,d) the component with homology class d G H^{X,Z). The notion of 
convergence of vortices extends naturally to the case of varying scaling, and defines a topology 
onMji(C,X). 

Theorem 3.31. (Properness of the moduli space of scaled symplectic vortices) Let X be a 

Hamiltonian K -manifold with proper moment map convex at infinity equipped with a compat- 



ible almost complex structure, such that X//K is a locally free quotient. Then M^i{C,X) is 



Hausdorff and the energy map E : M,„ ^(C, X) [0, oo) is proper. 

Proof. First we show that any sequence of vortices with varying scaling with bounded energy 
has a convergent subsequence, after passing to a limit. For sequences with scaling bounded 
away from infinity, this follows from Ott [77] , who fixes a scaling but in the proof only uses upper 
bounds. For scalings approaching infinity, one obtains convergence in the absence of bubbling 
by the arguments of Gaio-Salamon [29]. As they show, bubbles in X//K or X or affine vortices 
satisfy energy quantization and so bubbling happens only at finitely many points. Thus one 
obtains, on the complement of a finite set in C, an infinite area vortex and by Proposition 
3.13 a stable pseudoholomorphic map to C x X//K. By removal of singularities for orbifold 
stable maps, one obtains a stable map to C x X//K. The bubbles connect argument in Ott 
[77] implies that the bubbles in X connect with the affine vortices, while the bubbles connect 
argument in Ziltener [98] shows that the affine vortex bubbles connect with the components 
mapping to X//K. Indeed Ziltener's theorem is stated for sequences of vortices on A, but any 
sequence of vortices obtained by rescaling vortices on C with respect to an area form \p\uJc 
with \p\ oo satisfy the same estimates and so a similar proof holds. Let the closed sets be 
those for which any convergent sequence has a limit. That this defines a topology, and that 
this topology is Hausdorff, uses the construction of local distance functions as in (19) which 
will be left to the reader. □ 

Remark 3.32. To prove the adiabatic limit Theorem 1.5, we will require that {A,u) is a vortex 
with respect to the area form (po + IpD'^c for po ^ 0. This is because without this adjustment 
the moduli space i{C, X) is almost never (even virtually) smooth, because of reducible 
pairs (A,u), and so cannot be expected to yield invariants relating gauged Gromov-Witten 
invariants with Gromov-Witten invariants of the quotient. For a suitable "master space" 
relating the invariants for different p, see [33]. 

4. Stacks of curves and maps 

A more sophisticated approach to moduli problems uses the language of stacks, in which 
spaces are replaced by categories and maps by functors. In this and the following section we 
show the spaces in the previous section are moduli spaces of stacks. This section contains mostly 
algebraic preliminaries, mainly a discussion of hom-stacks of morphisms of stacks, for which 
there is unfortunately no general theory yet. However, by a result of Lieblich [56, 2.3.4], the 
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stack of morphisms to a quotient stack by a reductive group is an Artin stack, and this is enough 
for our purposes. However, we also must show that the substacks of curves satisfying Mundet's 
semistability condition are algebraic, and this requires recalling some results of Schmitt [84] 
who gave a geometric invariant theory construction of a related moduli space. 

By our convention a stack means a stack over the fppf site of schemes, following de Jong 
et al [20] which we take as our standard reference. (Another standard reference on stacks 
is Laumon-Moret-Bailly [52], with a correction by Olsson [71].) By abuse of terminology we 
say that a stack is a scheme resp. algebraic space if it is the stack associated to a scheme 
resp. algebraic space. A morphism of stacks f : X ^ y is representahle if for any morphism 
g : S ^ y where 5 is a scheme, the fiber product S X \s an algebraic space. An Artin stack 
resp. Deligne-Mumford stack X over a scheme S is a stack for which the diagonal X ^ X x s X 
is representable, quasi-compact, and separated, and such that there exists an algebraic space 
X/S and a smooth resp. etale surjective morphism X X. In characteristic zero (the only 
case considered here) an Artin stack is a Deligne-Mumford stack iff all the automorphism 
groups are finite, see e.g. [22, Remark 2.1]. A gerbe is a locally non-empty, locally connected 
(between any two objects exists a morphism) Artin stack. The category of Artin resp. Deligne- 
Mumford stacks is closed under disjoint unions and (category-theoretic) fiber products [52, 4.5]. 
A morphism of stacks is proper if it is separated, finite type, and universally closed. 

4.1. Quotient stacks. The following are examples of stacks: 

Example 4.1. (a) (Quot schemes) For integers r,n with < r < n let Gr(r, n) denote the 
Grassmannian of subspaces of C" of dimension r. Any morphism from X to Gr(r, n) 
gives rise to a vector bundle E ^ X obtained by pull-back of the quotient bundle 
and a surjective morphism (j) from the trivial bundle X x C" to E. Grothendieck [36], 
and later Olsson-Starr [72], studied such pairs in a very general setting, as part of a 
general program to construct moduli schemes for various functors. Given a scheme 
X/S resp. separated Deligne-Mumford stack X/S and a quasicoherent Ox-module 
F, let (^Vioi{F / X / S) be the category that assigns to any S-scheme T the set of pairs 
{E,(j)) where (p: FxsT^E is a fiat family of quotients. By Grothendieck [36] resp. 
Olsson-Starr [72], if ^ is a scheme projective over S resp. Deligne-Mumford stack then 
Quot{F / X / S) is a smooth scheme resp. algebraic space, whose connected components 
are projective resp. quasiprojective if X is. 

(b) (Stack of coherent sheaves) The category of coherent sheaves on a projective scheme 
carries the structure of an Artin stack. If X is an S'-scheme we denote by Coh(X/S') 
resp. Vect(X/S') the category that assigns to any T — >■ S the category of coherent 
sheaves resp. vector bundles on X xgT. By [52, p. 29], see also [56, Theorem 2.1.1], if 
X is a projective scheme then Coh(X) is an Artin stacks and Vect(X) an open substack. 
Charts can be constructed as follows: after suitable twisting any sheaf E ^ X can be 
generated by its global sections, in which case E can be written as a quotient F ^ E 
where F = X x H^{EY . Then Coh(X) is isomorphic to Quot(F/X/S') locally near E 
to the quotient of Quot(F/X/5) by Aut(F). 

(c) (Stack of bundles, first version) Let G be a reductive group and X an 5-scheme. We 
denote by BunG'(X) the category that assigns to any T ^ S the category of principal 
G-bundles on X x sT . Then for any integer r > the stack Bunci(^)(X) is canonically 
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isomorphic to the substack \ectr{X) of vector bundles of rank r. Any principal G- 
bundle corresponds to a GL{V)-hnndle E — )• X xs T together with a reduction of 
structure group X X5 T — > E/G. If X is projective, then Vect(X) is an Artin stack, 
being an open substack of the stack Coh(X), and the above description gives that 
BunG'(X) is an Artin stack as in Sorger [85, 3.6.6 Corollary], 
(d) (Quotient stacks) If G is a reductive group scheme over 5 then we denote by BG the 
stack which assigns to an algebraic space T ^ S the category of principal G-bundles 
(torsors) over T. More generally if X is a G-scheme over S then X/G denotes the 
quotient stack which assigns to any morphism T ^ S the category of principal G- 
bundles P ^ T together with sections u : T {P xsX)/G, or equivalently equivariant 
morphisms from P to X, see e.g. de Jong et al [20, 55.12], Laumon-Moret-Bailly [52, 
4.6.1]. In particular, BG = pt /G. 

4.2. Stacks of curves. 

Example 4.2. (a) (Stable curves) By a nodal curve over the scheme S we mean a flat proper 
morphism ir : C ^ S of schemes such that the geometric fibers of vr are reduced, one- 
dimensional and have at most ordinary double points (nodes) as singularities; that is, a 
nodal curve without the connectedness assumption in [10, Definition 2.1]. A nodal curve 
is stable if each fiber has no infinitesimal automorphisms. The category of connected 
nodal resp. stable marked curves of genus g is then a (non-finite- type) Artin resp. 
proper Deligne-Mumford stack VJlg ji resp. Mg^n [21], [10]. Let 9?Tg,n,r denote the stack 
consisting of objects whose combinatorial type in Definition 4.2 (2.1) is T. If T is 
connected then 9Jtg,n,r is a locally closed, local complete intersection Artin substack of 

Mg,n [10]. ' ' _ _ 

There is a canonical morphism Wlg,n,r -^g,n,r which collapses unstable compo- 
nents, and can be defined as follows. Let vr : C be an n-marked family of nodal 
curves. Let uc/s denote the relative dualizing sheaf over S and ujc/s[zi + ■ ■ ■ + Zn] its 
twisting hy zi + . . . + Zn- Consider the curve 

C"* = Proj (Bn>oMi^c/s[zi + ... + Zn]f). 

As noted in [10, Section 3], in the case that a family of n-marked curves arises from 
forgetting a marking of a family of n + 1-marked curves, each fiber C|* is obtained from 
Cg by collapsing unstable components. Furthermore, the formation of C'^* commutes 
with base change and the map C** — > 5 is projective and flat. The general case is 
reduced to this one by adding markings locally. Let T : L — ?> F' be a morphism of 
modular graphs. Then there are morphisms of Artin resp. Deligne-Mumford stacks 
Tl{T) : Tlg^n,r ^g,n,r' resp. A^(T) : Mg^n,r — ^ ■Mg^n,r'- In the case of forgetting a 
tail, the morphism M{T) can be defined by the composition of the inclusion A^n^n,r — ^ 
Tlg^nT, the map Tl{T) : Tlg^n,r ^g,n,r' and the collapsing map 9?tg,n,r' -A^g,n,r'- 
We denote by Cg,n,r — ^ ^g,n,r resp. Cg^n,r A4g,n,r the universal curve over 9JTg,n,r 
resp. ^Ag^n,^ namely the category of n-marked nodal (resp. stable) curves equipped with 
an additional n -|- 1-marking which need not be distinct from the first n. In the case of 
Mg,ni the forgetful morphism fn+i lifts to a map Cg^n+i Cg.n and the section provided 
by the n + 1-st marking J^g^n+i — ^ Cg^n+i combine to an isomorphism ^Ag^n+l ^g,n- 
In other words, Mg^n+i can be considered the universal curve for Mg^n- 
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(b) (Stable parametrized curves) Recall from section 2.2 that if C is a smooth connected 
projective curve then a C -parametrized curve is a map u : C* — > C of homology class [C] 
from a nodal curve C to C, and is stable if it has only finitely many automorphisms. The 
category of nodal resp. stable C-parametrized curves forms an Artin stack 9H„(C) resp. 
AiniC). More generally, for any rooted tree T we have Artin resp. Deligne-Mumford 
stacks 9Jt„,j(C) resp. A1„,j(C); the latter is a special case of the Fulton- Macpherson 
compactification studied in [28]. There is a morphism Tln,r{C) — > Mn,T{C) which 
collapses the unstable components. Indeed let vr : (7 — >■ S, n : C* — )■ C be a family of 
C-parametrized n-marked nodal curves. Let Lq be an ample line bundle on C, and 
coc/s denote the relative dualizing sheaf over S and ujc/s[zi + ■ ■ ■ + Zn] its twisting by 
zi + . . . + Zn- Consider the curve 

(20) C'' = Proj en>o^*((^c/s[2i + . . . + ^n] ® u*L®3)®"). 

For families arising by forgetting markings, C"* is obtained from C by collapsing un- 
stable components and the formation of C'^* commutes with base change. The general 
case is reduced to this one by adding markings locally [10, Section 3]. 

Any morphism of rooted trees T : F — )• T' of the type collapsing an edge, cutting 
an edge, forgetting a tail induces a morphism 9JI(T) : OJl„^r(C) ~^ ^n,r'{C) resp. 
A^(T) : M-n,r{C) Mn,r'{C). In the case of forgetting a tail, the morphism M-{T) 
can be defined by the composition of the inclusion Ain,r{C) — )■ Tln,r{C), the map 
Tt{T) : mn,r{C) Tln,r'{C) followed by the collapsing map M„,r'(C) ^ Mn,r'iC). 

(c) (Curves with scalings) Let S be an algebraic space over C and C a smooth projective 
nodal curve over S. Recall from e.g. [5, p. 95] that the dualizing sheai ujc/s is locally free. 
Factor the projection vr : C — >■ S* locally into the composition of a regular embedding 
z : C — )• i? of relative dimension m and a smooth morphism j : R ^ S oi relative 
dimension /. The normal sheaf Nq^j^ of i is locally free of rank m, while the sheaf of 
relative Kahler differentials is locally free of I. The relative dualizing sheaf of vr is 

Explicitly, if C denotes the normalization of C (the disjoint union of the irreducible 
components of C) with nodal points {{wf jW^}, . . . , {W^^ ^Wj^}} then luc is the sheaf of 
sections of uj^, := T^C whose residues at the points Wj' ,wj sum to zero, for j = 1, . . . , k. 
Denote by ¥{u}(j/g © C) the fiber bundle obtained by adding in a section at infinity. A 
scaling of C is a section A of ¥{uj(j/g © C). The category of pairs (C, A) is an Artin 
stack, with charts given by the forgetful morphisms from stable curves with additional 
marked points, equipped with scalings. 

(d) (Stable scaled affine lines) Let S be an algebraic space over C. A nodal n-marked scaled 
affine line, see Section 2.20, consists of a smooth projective nodal curve C over S, an 
n + 1-tuple (zq, • • • , Zn) of sections S* — t- C (the markings) distinct from the nodes and 
each other, and a scaling A of ¥{u}(j/s © C), satisfying the following conditions: 

(i) (Affine structure on each component on which it is non-degenerate) on each irre- 
ducible component Ci of C the form A is either zero, infinite, or finite except for 
a single order two pole at a node of C. 
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(ii) (Monotonicity) on each non-self-crossing path of components from Zi,i > to 
zq, there is exactly one component on which A is finite and non-zero; on the 
components before resp. after, A vanishes resp. is infinite. 
The first condition means that on the complement of the pole, if it exists, there is a 
canonical affine structure. An n-marked scaled curve is stable if it has no infinitesimal 
automorphisms, or equivalently, each component with degenerate resp. non-degenerate 
scaling has at least three resp. two special points. We denote by Ain,ii^) resp. 971^,1 (''^) 
the stack of stable resp. nodal affine scaled n-marked curves; this is a proper complex 
variety resp. Artin stack. The former was constructed in [61]. Charts for the latter are 
given by forgetful morphisms A4m,i{^) — ^ ^n,i{^) for m > n given by forgetting the 
last m — n points, as in the case without scaling in Behrend-Manin [10]. 

We also wish to allow twistings at nodes of C with infinite scaling, see [75, Section 
2] for a precise definition: the node has a cyclic automorphism group fj,r and there 
exist charts for neighborhoods of the node in each component of the form U/ fir acting 

by inverse roots of unity. As in [75, Theorem 1.8], the category 9JtJ^]^(A) of scaled 
twisted marked curves is equivalent to the category of scaled log twisted marked curves, 
compatibly with base change, and this implies that li^) is an Artin stack. For any 

colored tree T we denote by Tl^ni ri^) resp. M^^^i j'{A) the stack of nodal resp. stable 
scaled n-marked affine lines of combinatorial type T. 

There is a canonical morphism 9Jt„,^i(A) — )• Aln,i(A) defined as follows. Let (C, A,z) 
be a family of scaled affine lines over an algebraic space S. Let A denote the sheaf over 
C that assigns to an open subset U C C the space of (possibly infinite) sections of U 
given by /A where / E Oc{U) is regular on U . Thus A is rank one on the components 
where A ^ {0, oo}, and is rank zero otherwise. The sum 

^C/s\.^^ + ■■■ + Zn]= OJc/s[zi + . . . + ^„] + A 

is then a subsheaf of the sheaf of the projectivized relative dualizing sheaf on C. In 
terms of the normalization Cs of any fiber Cg, a;^^g[2i -|- . . . -|- z„] is the sheaf of relative 
differentials with poles at the markings, nodes, and an additional pole on any compo- 
nent with finite scaling at the node connecting with a component with infinite scaling. 
Consider the curve 

C^* = Proj e„>o^*((^^/5[^i + • • • + ^n])®"). 

In the case that C arises from a family obtained by forgetting a marked point on a stable 
scaled affine curve, C"** collapses unstable components and its formation commutes with 
base change. This construction collapses the bubbles that are unstable furthest away 
from the root marking, in particular, any colored component that becomes unstable 
after forgetting the marking. However, the adjacent component may be destabilized 
by collapses of this component; it is then necessary to apply the construction again to 
collapse this component. See Figure 11 which shows an example with three components 
of infinite scaling and four components with finite scaling, each with a single marking, 
after one of the markings is forgotten. The forgetful morphism is produced by applying 
the Proj construction twice, in contrast to the case of stable curves where a single 
application suffices. The general case is reduced to this one by adding markings locally. 
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Any morphism of colored trees T : T — )■ T' of the type collapsing an edge, collaps- 
ing edges with relations, cutting an edge, cutting an edge with relations or forgetting 
a tail induces morphisms Tl{T) : SOT„_ij(A) — > Ttn^i^r'i^) and M(T) : Al„,ij(A) — ^ 
Mn,i,r'i^)- In the case of forgetting a tail, the morphism A^(T) can be defined by the 
composition of the inclusion A1„ i r(A) — > 9Jt„^ij(A), the map lUl(T) : Tln^i^ri^) 
^n,i,r'{^) followed by the collapsing map Tln^i^r'i^) — ^ ■Mn,i,r'{^)- 

By its construction, the stack Al„^i(A) has a universal curve C„^i(A) Al„,i(A) 
equipped with universal scaling and markings. The forgetful morphism A^„+i^i(A) — t- 
Ain,ii^) is isomorphic to the universal curve, as in the Knudsen case, given by the 
map M.n+i,ii^) — ^ Cn^i(A) given by the n-marked curve (21) with section given by 
the image of the n + 1-st marked point. The inverse C„.i(A) — ?• Ain+i,i{^) is given on 
the level of geometric points by a consideration of various cases: If the extra marked 
point is a smooth point on a component with infinite scaling, distinct from the other 
markings, then one adds a bubble with finite scaling with the additional marking to 
the curve. If the extra marked point is a smooth point on a component with finite or 
zero scaling, distinct from the other marking, then one adds that point as an additional 
marking. If the extra marked point coincides with one of the other markings, or with 
a node, the one adds an additional bubble component with the appropriates scaling, 
and puts the additional marking on that component. This shows that the morphism 
A^„+i,i(A) — )■ C„(A) induces a bijection of geometric points and is therefore (as a 
morphism of nodal curves over A^„^i(A)) an isomorphism. 

More generally, one may consider stacks 97t„^s(A) of s-scaled n-marked affine lines, 
that is, curves equipped with markings zi, . . . ,Zn and scalings Ai, . . . , A^. By similar 
arguments, these stacks are Artin and the stacks of stable curves ^^^^^(A) are Deligne- 
Mumford. 

(e) (Stacks of scaled curves) A family of nodal C -parametrized curves with finite scaling 
consists of vr : (7 — )■ S* a family of nodal curves, u : C C a family of nodal maps 
of homology class [C], a family of sections zi, . . . , Zn ■ S ^ C , and a section A : (7 — )■ 
F{ujfj^fj © C) of the projectivized relative dualizing sheaf (see 4.2 (c)) satisfying the 
following conditions: 

(i) (Finite on any marking) X{zi) is finite. 

(ii) (Scaling on each bubble component) on each component Ci of C mapping to a 
point in C, A|Cj has a unique pole of order 2, at the node connecting Ci with the 
principal component Cq. 

(iii) (Monotonicity) on each non-self-crossing path of components from the principal 
component to the component containing Zi,i > 0, there is exactly one component 
on which A is finite and non-zero; on the components before resp. after, A vanishes 
resp. is infinite. 

The category of such forms an Artin stack 9Jlr.n,i(C')- There is a "forgetful morphism" 
from Tln,i{C) to Tln{C) which forgets the scaling. There is also a morphism 93T,„^i(C) 
■M.n,iiC) collapsing the unstable components, whose construction is a combination of 
the previous cases and left to the reader. Similarly, ^^^^(C) is the stack of scaled 
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marked curves with log structures at the nodes with infinite scahng as in [75, Section 
2]. 

4.3. Stacks of morphisms. Many of our examples will arise as stacks of morphisms between 
stacks. Fix an algebraic space S. Let X and y be Artin stacks over S. Let Hom5(^, 3^) be the 
fibered category over the category of S-schemes, which to any T ^ S associates the groupoid 
of functors X XgT ^ y xgT. Unfortunately, there seems to be no general construction which 
guarantees that Hom5'(<%', J') is an Artin stack, but partial results are given by Olsson [74], 
Aoki [4], Romagny [82], and Lieblich [56, 2.3.4]. 

Example 4.3. (a) (Horn stacks between schemes) If X, Y are projective schemes over a Noe- 
therian scheme S with X flat over S then Hom5'(X, y) is representable by a quasipro- 
jective 5-scheme (a subscheme of the Hilbert scheme) by Grothendieck's construction 
of Hilbert schemes, described in [24]. 

(b) (Stable maps) Let 5?tg,n denote the stack of nodal curves with genus g and n mark- 
ings from Example 4.2, — >■ Tlg^n the universal curve, and X a projective variety. 
Then Tlg^n{X) := Hom^^ X) is the stack of nodal (or prestable) maps to X. 

The locus Mg^niX) of stable maps is defined as the sub-stack of maps with no infini- 
tesimal automorphisms, or equivalently, such that each component on which the map 
is constant of genus zero (resp. one) has at least three resp. (one) special point. By 
the constructions in Behrend-Manin [10] and Fulton-Pandharipande [27], 9Jtg^„(X) resp. 
Aig^n{X) is an Artin resp. proper Deligne-Mumford stack. Similarly for any type F, let 
^g,n,r{X) = Hom^gj ^ {^g,n,r, X) denote the compactified stack of maps of combinato- 
rial type r and A4g^n,r{X) the locus of stable maps. Then dytg^n,r{X) resp. Aig^n,r{X) 
is an Artin resp. proper Deligne-Mumford stack. There is a canonical morphism from 
^g,n,r{X) to M.g^n,r{X) which collapses unstable components. Indeed, given a family 
u : C ^ X and an ample line bundle L ^ X consider the curve 

(22) = Proj Mcoc/si^i + . . . + ^n) ® u*lY^. 

n>0 

For families arising from forgetting markings from a family of stable maps, C'^* is ob- 
tained from C by collapsing unstable markings, and the formation of C commutes with 
base change. The general case reduces to this one by adding markings locally [10]. 

Any morphism T : F ^ F' of type cutting an edge, collapsing an edge, or forgetting 
a tail induces morphisms of moduli stacks 

m{T,X) -.Tlg^nAX) ^^g,n,riX), M{T , X) : Mg,n,r{X) ^ Mg,n,r' i^) ■ 

In the first case the morphism is induced from fiber product with the morphism 9J{(T, X) : 
3^g,n,r — ^ 9Jtg,n,r') while A4g^n,r is defined by composing the inclusion A4{T,X) 
Tl{T,X) with Tl{T,X) and the collapsing morphism to Alg,n.,r'(^)- 

(c) (Stacks of bundles, second version) Let X be an S'-scheme and G a reductive group. 
Let Hom(X, BG) be the category that assigns to T — )• 5 the groupoid of G-bundles on 
X XsT. Then IIom(X, i?G) is a stack, naturally isomorphic to the stack BundX) of 
G-bundles. In particular, if X is a projective S-scheme then IIom(X, BG) is an Artin 
stack by Example 4.1. 
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(d) (Stacks of morphisms to quotient stacks) Let X be an algebraic space over S ^ G a 
reductive group and Y a G-scheme, and Y/G the quotient stack. Let Hom5(X, y/G) 
denote the category that assigns to any T — > 5, a principal G-bundle P over X XsT and 
a section X XsT ^ P XqY. By Lieblich [56, 2.3.4], Homs(X, Y/G) is an Artin stack. 
More generally f : X ^ Z is a proper morphism of Artin stacks and y is a separated 
and finitely-presented G-scheme then let Hom^(A', y/G) be the fibered category that 
associates to any morphism T ^ Z and object X oi X xzT the category of pairs (P, u) 
where P — )■ X is a principal G-bundle and section u : X ^ P Xq Y. By Olsson [2, 
Lemma C.5], ilouiz{X ,Y/G) is an Artin stack. 

(e) (Stacks of morphisms to quotient stacks as quotients) In this example following Schmitt 
[84] we describe a realization of morphisms to quotients stacks as substacks of Grothendieck's 
quot stack discussed in Example 4.1. First suppose that G is a scheme over S, G = 
GL{n) and X = P"~^. Any morphism u : G ^ X/G corresponds to a vector bun- 
dle E ^ G together with a section of the projectivization P(£'): There are several 
equivalent descriptions of this data: (i) a vector bundle E and a line sub-bundle 

L := n*C'p(£;)(l) G, (ii) a vector bundle E'^ , a line bundle L^, and a surjective 
morphism E"^ . The latter datum is termed a swamp (short for sheaf with map) 

or more generally, a hump (short for bundle with map) if the group G is arbitrary reduc- 
tive. Schmitt [84] shows that the functor from schemes to sets which associates to any 
scheme the set of isomorphism classes of stable bumps, can be realized as a git quotient 
of a quot scheme. The type of a bump is the pair of integers (deg(£'), deg(L)). 

If S is an arbitrary scheme, then a bump over G parametrized by 5 with repre- 
sentation V consists of a principal G-bundle P on S" x G, a line bundle L ^ S x G, 
and a homomorphism (p from P{V) to L. Since Bun^x (G) splits non-canonically as 
Jac(G) X BC^ , this data is equivalent to a morphism S Jac(G) together with a line 
bundle on the parameter space S, which is the formulation adopted in Schmitt [84]. 

The idea of Schmitt's construction of the moduli space of semistable bumps is as 
follows. After suitable twisting, we may assume that E is generated by its global 
sections, in which case E'^ is a quotient of a trivial vector bundle F and we obtain 
a double quotient F — ^ E"^ —>■ E^ . This gives a quotient E"^ E"^ x with the 
property that the map to factors through E"^ , and so a point in the quot scheme 
Quot(F/X/5)2. Let 9Jl^'^"°*'f''(G, X, F) denote the open substack of Qnot{E/X/S)^ 
arising in this way, and let 971"^'^"°* (G, X, E) = on'^-quot-fY Aut(F) be the quotient stack 

by the action of the general linear group Aut(F). Let Tf''^''°\G,X,E) be its closure 
in Quot(F/X/5)^/ Aut(F). More generally, for any reductive group G and projective 
G-variety Y, a choice of representation G GL{V) and embedding Y — > ¥{V) gives a 

stack ^f^"°''' (G,X;E) by taking the closure of }iom{X, Y/G) (or rather, those maps 
whose bundles are quotients of E) in Quot(F/X/S')^. 

(f) (Inertia stacks) The inertia stack of a Deligne-Mumford (or Artin) stack X is 

Ix ■= X xxxx X 

where both maps are the diagonal. The objects of Ix may be identified with pairs {x, g) 
where x ^ X and g E Auix{x). For example, \i X = X/G is a global quotient by a 
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finite group then 

Ix = yJ[g](iG/Ad{G)^^ l^g 

where G/ Ad(G) denotes the set of conjugacy classes in X and Zg is the centralizer of 
g. There is also an interpretation as a horn stack (see e.g. [1]) 

Ix = Ur>oIx,r, Ix,r := Hom'^'P {B fir , X). 

(Rigidified inertia stacks) The following stack plays an important role in Gromov-Witten 
theory of Deligne-Mumford stacks as developed by Abramovich-Graber-Vistoli [1]. If 
jjir is the group of r-th roots of unity then B^r is an Deligne-Mumford stack. If Af is a 
Deligne-Mumford stack then 

Ix = ^r>oIx,ri Ix,r '■= Ix/r/BlJ'r- 

is the rigidified inertia stack of representable morphisms from B^r to X, see [1]. There 
is a canonical quotient cover vr : Ix — > Ix which is r-fold over Ix,r which acts on 
cohomology isomorphism 

7T*H*(Ix,Q)^H*{Ix,Q) 

so for the purposes of defining orbifold Gromov-Witten invariants, Ix can be replaced 
by Ix at the cost of additional factors of r on the r-twisted sectors. If A* = X/G is a 
global quotient of a scheme X by a finite group G then 

where (g) C Zg is the cyclic subgroup generated by g. 

(Rigidified inertia stacks for locally free git quotients) Suppose that X is a polarized 
smooth projective G- variety such that X//G is locally free. Then 

{g) 

where X^^'^ is the fixed point set of 5 € G on X^^, Zg is its centralizer, and the union 
is over all conjugacy classes, 

7x//G = 11 ^^^-7(^5/(5)) 
(g) 

where (g) is the (finite) group generated by g. 

(Stacks of nodal gauged maps) Consider the Artin stack Tlg^n of marked nodal curves 
and X/G the quotient stack associated to the quotient of a projective scheme X by a 
reductive group G. Then Hom^^j ^{(tg^n,X/G) is an Artin stack. 

(Stacks of parameterized nodal gauged maps) Let C be a curve and X a G-scheme. 
Then Hom^^^(-,^(£„(C),X/G) is the category that assigns to a morphism T — >■ S* the 

groupoid of marked nodal curves (7 ^ T x C, of class [C] on the second factor, equipped 
with a principal G-bundle P ^ G and a morphism C ^ P Xq X . 
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(k) (Stacks of parameterized nodal affine gauged maps) Let X be a G-scheme. Then 

Homgj}^ i(A), X/G) is the category that assigns to a morphism T ^ S the 

groupoid of marked affine nodal curves C ^ T equipped with a principal G-bundle 

P ^ C and a morphism C ^ P X. More generally, Hom^tw i(A),X/G) is 

-'■"n.ii-™; ' 

the hom-stack allowing orbifold singularities in the domain at the nodes with infinite 
scaling. 

4.4. Twisted stable maps. We recall the definitions of twisted curve and twisted stable 
map to a Deligne-Mumford stack from Abramovich-Graber-Vistoli [1] and Abramovich-Olsson- 
Vistoli [2] . These definitions are needed for the construction of the moduli stack of affine gauged 
maps in the case that X//G is an orbifold, but not if the quotient is free. Denote by fir the 
group of r-th roots of unity. 

Definition 4.4. (Twisted curves) Let S be a scheme. An n-marked twisted curve over S is a 
collection of data {f : C ^ S, {ti C C}f^j^) such that 

(a) (Coarse moduli space) C is a proper stack over S whose geometric fibers are connected 
of dimension 1, and such that the coarse moduli space of C is a nodal curve over S. 

(b) (Markings) The C C are closed substacks that are gerbes over S, and whose images 
in C are contained in the smooth locus of the morphism C — )> S. 

(c) (Automorphisms only at markings and nodes) If C^^ C C denotes the non-special locus 
given as the complement of the and the singular locus of C ^ S", then C""^ — t- C is an 
open immersion. 

(d) (Local form at smooth points) If p — >■ C is a geometric point mapping to a smooth point 
of C, then there exists an integer r, equal to 1 unless p is in the image of some li, an 
etale neighborhood Spec(i?) — >■ C of p and an etale morphism Spec(i?) — > Spec5(Os[x]) 
such that the puUback C xs Spec(i2) is equal to Spec{R[z]/ = x)/fj,r- 

(e) (Local form at nodal points) If p ^ C is a geometric point mapping to a node of C, 
then there exists an integer r, an etale neighborhood Spec(i?) — > C of p and an etale 
morphism Spec(i2) — )• Specg{Os[x,y]/{xy — t)) for some t G Os such that the pullback 
C Xs Spec(i?) is equal to Spec{R[z , w] / zw = t',z^ = x,w^ = y)/nr for some t' £ Os- 

Let be a smooth Deligne-Mumford stack proper over a scheme S over a field of charac- 
teristic zero with projective coarse moduli space X, or an open subset thereof. 

Definition 4.5. A twisted stable map from an 77,-marked twisted curve {tt : C —?■ S, {\i C C)f^i) 
over 5 to is a representable morphism of S-stacks u : C — )• A" such that the induced morphism 
on coarse moduli spaces Uc '■ C ^ X is a stable map in the sense of Kontsevich [49] from the 
n-pointed curve {C,z = (zi, . . . , Zn)) to X, where Zi is the image of fj. The homology class of 
a twisted stable curve is the homology class n*[Cs] € H2{X, Q) of any fiber Cs- 

Twisted stable maps naturally form a 2-category, but every 2-morphism is unique and in- 
vertible if it exists, and so this 2-category is naturally equivalent to a 1-category which forms 
a stack over schemes [1]. 

Theorem 4.6. ([1, 4.2]j The stack A4g^n{'^) of twisted stable maps from n-pointed genus g 
curves into X is a Deligne-Mumford stack. If X is proper, then for any c > the union of 
substacks ^Ag^ni^^ ,d) with homology class d G i?2('^)Q) satisfying {d, [uj]) < c is proper. 
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The proof uses the equivalence of the category of twisted curves with log- twisted curves. Let 
Ix denote the rigidified inertia stack as in Proposition 4.3 (g). The moduli stack of twisted 
stable maps admits evaluation maps 

ev : ATg,„(;f) ^T^, ev :!Mg,„(Af) ^7^, 

where the second is obtained by composing with the involution — > Ix induced by the map 
fir — )• fJ-r, C ^ C~^- There is a modification of the definition which produces evaluation maps to 
the unrigidified moduli stacks: let ) denote the moduli space of framed twisted stable 

maps, that is, twisted stable maps with sections of the gerbes at the marked points [1]. These 
stacks are 11?=! '^^"^oi*^ covers of A4g^„(Af), where : 7Wg,n('^) ^>o is the order of the 
isotropy group at the i-th. marking, and admit evaluation maps 

ev'^:Ml^{X)^I^, ev^^ : ^ 

If C is a finite disjoint union of twisted curves, then a stable map from C to is a stable map 
of each of its components. For any possibly disconnected combinatorial type F, we denote by 

-^3,n,r('^) resp. Al^ „ pl-^) stack stable maps resp. framed stable maps whose underlying 
stable map of schemes has combinatorial type F. 

Proposition 4.7. (a) (Cutting an edge) IfT' is obtained from F by cutting an edge, there 
is a morphism 

(23) giT,X) : Mg,n,r'W Xj^ ^ Mg,n,ri^) 

where the second morphism is the diagonal A : Ix ^ I^, and an isomorphism 

(b) (Collapsing an edge) // F' is obtained from F by collapsing an edge then there is an 
isomorphism 

and similarly for framed twisted stable maps. 

Example 4.8. (Inertia stacks for toric orbifolds) Consider a stack X = X//G obtained as the 
quotient of a vector space X by a torus G with weights //i, . . . , //fc at a weight u € q"^ , see (29). 
For each subset {ni,i G /} with v £ span{/ii,i G I}, let A/ denote the lattice generated by the 
fii,i G /, and Gj = exp(Ay) the subgroup generated by the dual lattice. Let Xj denote the 
span of the weight spaces for /Xj, i G / and Xjf/G the git quotient of Xj by G. For any element 
5' G G let I{g) denote the set of i such that g G ker(exp(/Ui) : G C^). Then 

Ix//G = ^geG{Xi{g)//G) 

(finite by the previous paragraph) and is therefore a union of toric varieties. For each i G I{g), 
vanishing of the coordinate in Xjj^g-^ corresponding to i defines a divisor Di, whose (possibly 
empty) image in ^/(g) is a divisor -Di,g. The cohomology of Ix//G is generated by the divisors 
Di^g,i G I{g). 
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4.5. Coarse moduli spaces. A coarse moduli space for a stack X is an algebraic space X 
together with a morphism tt : X ^ X such that vr induces a bijection between the geometric 
points of X and X and vr is universal for maps to algebraic spaces. By a theorem of Keel- Mori 
[45], coarse moduli spaces for Artin stacks with finite inertia (in particular, Deligne-Mumford 
stacks in characteristic zero) exist. 

Proposition 4.9. A Deligne-Mumford stack over C is proper iff its coarse moduli space is 
proper iff its coarse moduli space is compact and Hausdorff in the analytic topology. 

Proof. The first equivalence is e.g. [74, 2.10]. The second equivalence is folklore, see for example 
[76, Theorem 3.17]. □ 

Artin [6] has given conditions for a category fibered in groupoids to be an Artin stack. In 
particular, each object should admit a versal deformation, universal if the stack is Deligne- 
Mumford. Versal deformations give a notion of topological convergence of a sequence of objects 
in the category, defined if the corresponding sequence of points Si, in the parameter space S 
for a versal deformation converges to a point s, in which case the limit is the equivalence class 
of objects corresponding to s. In particular, these notions define the underlying C*^ topology 
of the coarse moduli spaces. 

Example 4.10. (a) (Convergence of nodal curves) Any projective nodal curve has a versal 
deformation given in the analytic category by a simple gluing construction via Schiffer 
variations in which small balls around the nodes are removed and the components glued 
together via maps z 5/z [5, p. 176] in local coordinates z near the node. 

(b) (Convergence of stable maps) Any map from a projective nodal curve to a projective 
variety has a versal deformation given by considering its graph as an element in a 
suitable Hilbert scheme of subvarieties, see for example [24]. The construction of the 
Hilbert scheme is reduced to the construction of a Quot scheme, which in turn reduces to 
representability of the Grassmannian. For the Grassmannian topological convergence of 
a subbundle implies topological convergence in the sense described above for (uni)versal 
deformations. It follows that topological convergence for maps is the usual notion of 
convergence of stable maps discussed in, for example, McDuff-Salamon [62]. 

(c) (Convergence of bundles) Any vector bundle over a curve has a versal deformation given 
by considering it, after twisting by a sufficiently positive line bundle, as a quotient of a 
trivial bundle, and the same holds for principal bundles for reductive groups by consid- 
ering them as vector bundles with reductions. Topological convergence of a sequence of 
isomorphism classes of bundles is the usual notion of topological convergence of holo- 
morphic bundles, that is, convergence of the corresponding holomorphic structures 
on the components after complex gauge transformation. 

(d) (Convergence of isomorphism classes of vector bundles) In particular, let C be a smooth 
projective curve and M = Bun'^'^(C, d, r) the moduli stack of semistable bundles of ho- 
mology class d € H2{C, Z) and rank r > 0. By a theorem of Narasimhan-Seshadri [69], 
if stable=semistable then the coarse moduli space M for A4 admits a homeomorphism 
(f> to its image in the moduli space of unitary representations of the fundamental group 
R = Hom(7ri(C), f7(r))/C/(r), where here Hom(7ri(C), ^7(r)) denotes the topological 
space of representations of vri(C) in U{r). The Hilbert scheme construction, or the 
construction of universal families in [69] shows that inverse map i? — > M is continuous. 
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5. Stable gauged maps 

In this section we identify the moduh space of symplectic vortices constructed in Section 
3 as the coarse moduh space of a substack of the moduh stack of gauged maps satisfying a 
semistabihty condition introduced by Mundet [66] and further studied by Schmitt [83], [84]. 
This correspondence of Hitchin-Kobayashi type imphes that the moduh space of symplectic 
vortices, if every vortex has finite automorphism group, is the moduh space of a proper Dehgne- 
Mumford stack. 



5.1. Gauged maps. Let G be a complex reductive group, X be a smooth projective G-variety 

Q 

and C a smooth connected projective curve. In this section we construct the stack 9Jt„ (C, X) 
of n-marked gauged maps for integers n > 0. 

Definition 5.1. An n-marked nodal gauged map from C to X over a scheme 5 is a morphism 
u : C ^ C X X/G from a nodal curve C over S whose projection onto the first factor has 
homology class [C], such that if Ci^s C is a component that maps to a point in C, then the 
bundle corresponding to u\Ci is trivial. More explicitly, such a morphism is given by a datum 
{C,P,u,z) where 

(a) (Nodal curve) (7 — )■ S is a proper flat morphism with reduced nodal curves as fibers; 

(b) (Bundle over the principal component) P ^ C x 5 is a principal G-bundle; 

(c) (Section of the associated fiber bundle) u : C ^ •= {P ^ ^) /G is a family of stable 
maps with base class [C], that is, the composition of u with the projection P{X) C 
has class [C]. 

A morphism between gauged maps (5, C, P, u) and (S', C", P', u') consists of a morphism /3 : 
S* — 7- (S", a morphism (p : P ^ (f3 x 1)*P', and a morphism tp : C ^ C' such that the first 
diagram below is Cartesian and the second and third commute: 



C 



c' 



s 



p 



S' (/3 X 1)*P' 



SxC 



c 



id 



SxC 



C' 



P{X) 



[c^xidx] 



P'{X). 



An n-marked nodal gauged map is equipped with an n-tuple (zi,...,Zn) G of distinct 
smooth points on C . 

Let 9Jt„ (C, X) denote the category of n-marked nodal gauged maps, 9Jt„ ' (C, X) the subcat- 
egory where u : C ^ is a stable map, and Tl^{C, X) the subcategory where (7 — > C is an 

Q 

isomorphism, that is, the domain is irreducible. The functor from 9Jt„ (C, X) to schemes which 

Q Q 

assigns to any datum {S,C,P,u,z_) the base scheme S makes 9Jt„(C, X) resp. 93T„' iC,X) 
resp. dyt^{C,X) into a category fibered in groupoids. We denote by C„(C, X) — > Tl^{C,X) 
the universal curve, consisting of a datum {P C,u : C ^ P{X),z : 5 — t- (7) with z not 
necessarily mapping to the smooth locus of C. The universal curve maps canonically to X/G 
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via evaluation at z': 

^J;(C,X) ^X/G, (5,C,P,z,z') ^ (5,(^onoz')*P,uoz'). 

Theorem 5.2. 1UI^(C, X) res'p. 9JI^'**(C, X) resp. 9J{^(C, X) is a (non- finite-type, non- 
separated) Artin stack. 

Proof. If Cn(C') — )■ 9Jt„(C) is the universal curve, }iom^^^^-^{(tn{C) , X / G) is an Artin stack by 

Q 

the results of Section 4.3 (d). The stack 9Jt„ (C, X) is the substack of Hom^^^(-^^(£„(C), X/G) 

corresponding to morphisms f : C ^ X/G such that on each component Ci mapping to a point 
in C, the principal G-bundle Pi — )> Gi defined by / is trivial. Since triviality on the bubbles 
is an open condition, 1UI„ (C, X) is an Artin stack as well. The condition that u : G ^ -P(^) 
is stable (has no infinitesimal automorphisms) is an open condition, hence 93t„'**(C, X) is an 
open substack, hence also an Artin stack. Similarly the locus ^^{G,X) where C = G is open 
and so also Artin. □ 

Lemma 5.3. (Existence of a morphism collapsing unstable components) There is a morphism 

Q Q Q 

9K„(C, X) (C, X) collapsing unstable components. The composition (C, X) 

Q Q 

9n„„]^(C, X) —7- 9Jt„l]^(C, X) collapsing unstable components is isomorphic to the universal 

Q Q 

curve ^^_i{G,X) — )■ OJl„„i(C, X), and in particular proper. 

Proof. Given a nodal curve tt : G ^ S with dualizing sheaf ^(j^g, a morphism u : G ^ 
G X P(X), an ample G-line bundle L — )• X, and an ample line bundle Lc — ?• G. The formation 
of the curve 

est ^ p^^j ^^(^^^^(^, + ... + Zn)^U*(Lc^ p(i))«53)^n 
n>0 

commutes with base change, in the case that the family arises from a stable family by forgetting 
a marking. Then u factors through (7** and this gives the required family in this case. The 
general case reduces to this one by adding markings locally, see Behrend-Manin [10, Theorem 
3.10] and [10, Proposition 4.6]. □ 

5.2. Mundet stability. Gauged maps corresponding to solutions of the vortex equations 
correspond to maps satisfying a semistability condition introduced by Mundet [66]. In this 

Q 

section we construct the stack 7W„ (C, X) of Mundet-semistable gauged maps. These are used 
later to define gauged Gromov-Witten invariants. 

First recall some terminology from the study of moduli spaces of G-bundles, from Ra- 
manathan [81]. We restrict here to the case that G is connected. A subgroup R C G is 
parabolic if G/R is complete. Given a parabolic subgroup, the maximal reductive Levi sub- 
group L C G is unique up to isomorphism and R admits a decomposition R = LU where U is 
a maximal unipotent subgroup. The quotient map will be denoted p : R ^ R/U = L and the 
inclusion i : L ^ G. A parabolic reduction of a bundle P to i? is a section o" : C — ?• P/R. 

Definition 5.4. (Associated Graded Bundle) Let P be a principal G-bundle on a curve G. 
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(a) (As an induced bundle) Given a parabolic reduction a : C ^ P/R, let (t*P denote the 
associated R bundle, pi,a*P the associated L-bundle, and j : R —?■ G the inclusion. The 
bundle Gr(P) := j^p^a*P is the associated graded G-bundle for a. 

(b) (As a degeneration) Let a : C ^ P/Rhe parabolic reduction, Z{L) denote the center of 
the Levi subgroup L, ^(l) its Lie algebra, and A € 3(1) a generic antidominant coweight 
(with respect to the roots of the Lie algebra p of P restricted to 3(1)). For 2 G C^, the 
induced family of automorphisms (f) of Rhy = exp(ln(z)A) by conjugation induces a 
family of bundles Po-,a := j*{{o'*P x C) R) over C x C with central fiber Gr(P). 

Example 5.5. (Associated graded bundles for vector bundles) If G = GL{n), then a parabolic 
reduction is equivalent to a filtration of the associated vector bundle and Gr(P) is the frame 
bundle of the associated graded vector bundle, see [81]. The degeneration in the second def- 
inition above is the one that deforms the "off diagonal" parts of the transition maps of P to 
zero. 

Definition 5.6. (Associated Graded Section) Given a section u : C ^ P{X), define the 
associated graded section Gr(u) : C — )■ (Gr(P))(X) associated to (cr, A) as the unique stable 
limit uo of the sections Uz of Pa,x\cxz{X) given by acting on u by z'*'. 

The Mundet stability condition is a collection of inequalities given by integrals over the curve 
C, analogous to the definition of stability of vector bundles by degrees of sub-bundles. Suppose 
A is a weight of Z{L) and so defines a one-dimensional representation C^. Via the trivialization 
3([) = (p^a* P){^{1)) C (Gr(P))(g) the element A defines an infinitesimal automorphism of 
Gr(P), fixing the principal component Gr(u)o of Gr{u). The polarization C'x(l) defines a line 
bundle P{Oxi^)) Ri^) ^i^d the infinitesimal automorphism defined by A acts on the fibers 
over Gr(u)o with a weight /ix(Gr(u)o, A). 

Definition 5.7. (Mundet weight) The Mundet weight of the pair (cr, A) as above is defined by 



for all (o". A), Mundet unstable if there exists a de- stabilizing pair {a, A) violating (25) with strict 
inequality, Mundet semistable if it is not unstable, and Mundet polystable if it is semistable but 
not stable and {P, u) is isomorphic to its associated graded for any pair (cr. A) satisfying the 
above with equality. A gauged map is semistable if it is Mundet semistable with stable section, 
and stable if it is semistable and has finite automorphism group. 

Remark 5.8. (a) (Connection with stability of bundles) In the case that X is trivial, Mundet 
stability is the same as Ramanathan stability of principal G-bundles [81]. 
(b) (Definition in terms of the moment map) If P{K) is a smooth principal X-bundle so 
that P = P{K) Xk G is a smooth principal G-bundle, then via the correspondence 
between complex structures on P{G) and connections on P we may view Gr(P) as a 
limiting connection on P(K), and the section Gr(ii) as a stable section of P{K) Xk X. 
Then the weight //x(Gr(?x)o, A) can be expressed in terms of the moment map as 




A gauged map (P, u) is Mundet stable iff it satisfies the 

(25) (Weight Condition) p.{(j, A) < 



/xx(Gr(n)o, A) = ((P(i^))($) o Gr(n)o, A) 
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by the usual correspondence between moment maps and linearizations of actions. 

(c) (Dependence on choices) The stability condition depends on the cohomology class [ujc] ^ 
i?^(C), in addition to the metric on I and the choice of moment map (or polarization) 
on X. Rescaling the metric on t is equivalent to rescaling [uJc] or to rescaling the 
moment map. Allowing a varying curve C equipped with a cohomology class [oJc\ leads 
to various properness issues, see Mundet-Tian [68]. 

(d) (Comparison with Mundet's definition) We have chosen the definition to generalize 
that of Ramanathan [81] for principal G-bundles. Mundet's definition in [66, Section 4] 
is slightly different: For a parabolic reduction a and possibly irrational antidominant 
A G 3, identified with an infinitesimal gauge transformation, 

/i(a, A) = inf / {F^u.A, -A) + ((e**^n)*P(cl.), -\)ujc. 
* Jc 

Then /i(cr, A) agrees with the previous definition in the case that A is a coweight, since 
in this case the infimum equals the limit as t — )■ — oo, the right-hand-side of (24). To 
see that the two definitions are the same, it suffices to check that if (25) is violated 
by some irrational A it is also violated for rational A. For A' sufficiently close to A and 
defining the same parabolic reduction, we have 

(26) lim e'^^A = e'^^' A =: A^o, lim F^ux^ = lim F^ux^ = Fa^ 

uniformly in all derivatives. Furthermore, by Gromov compactness e**^u Gromov con- 
verges to some limit Uoo : C P{^) as t ^ oo, with principal component iio,oo : C — )■ 
P{X) and 

hm / ((e**^n)*P($),-A)a;c^ / {u*,^^P{^), -X)loc. 
Jc Jc 

In addition, A stabilizes the limiting pair (Aoo,Moo)- Let A' € KP){A^,u^) commute 
with A. It follows from the local slice theorem for holomorphic actions that if A' is 
sufficiently close to A then for z not in the bubbling set 

(27) lim e'^^'u{z) = uq oo{z) = lim e**^'u(z). 

Indeed after passing to a maximal torus containing both A, A' the equation (27) holds 
iff the weights for the action at uo,oo(-2) have the same sign on A and A'. Since rational 
Lie algebra vectors are dense in the Lie algebra of any closed subgroup, we may find A' 
rational satisfying (26), (27) and so violating semistability if A does. Mundet also allows 
a correction coming from the center of g on the right-hand-side of (25), so that in the 
case X trivial and G = GL{n) the definition agrees with that for vector bundles. 

Theorem 5.9 below gives the equivalence of the stability condition with the existence of a so- 
lution to the vortex equations. We denote by G{P) the group of complex gauge transformations 
of P. There is a one-to-one correspondence between the space J{P{G)) of complex structures 
on P{G) and connections A{P) on P. The identification A{P) — >■ J{P{G)) is equivariant for 
the action of IC{P), in the sense that J^a = DkoJA oDk~^ . Thus, the identification defines an 
extension of the /C(P) action on A{P) to an action of Q{P)- The group Q[P) acts on ^.{P^X) 
by composition on the second factor. 
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Theorem 5.9 (Mundet's Hitchin-Kobayashi correspondence for vortices [66]). Let P ^ C be 

a principal K -bundle. A pair (A, u) € 'H{P, X) defines a Mundet-stable gauged map if and only 
if there exists a complex gauge transformation g € Q{P) such that g{A,u) is a vortex. 

Remark 5.10. (Analytic Mundet stability) Mundet's proof depends on the convexity of the 
functional I{P) (depending on the choice of {A,u)) obtained by integrating the one form 
determined by the moment map 

(28) X(P) : a(P)//C(P) ^ M, [exp(itC)] ^ / (i^cxp{itO(A,«), ^dt. 

Jo 

If {A, u) is complex gauge equivalent to a symplectic vortex, then I{P) is bounded from below. 
On the other hand, if I{P) is not bounded from below then Mundet (using previous results 
of Uhlenbeck-Yau [91]) constructs a direction ^ G ^(-P) in which limt„^oo exp(— ii^)(^, u) exists 
and 

lim (Fexp(-jtnM,„),0 > 

t— >-oo 

and shows that the corresponding parabolic reduction violates the stability condition. A pair 
{A, u) is Mundet unstable resp. semistable resp. stable iff the Mundet functional I{P) is not 
bounded from below resp. bounded from below resp. attains its minimum in Q{P) /K,{P). 

The algebraic moduli spaces arising from the Mundet semistability condition are investigated 
in Schmitt [84]. Let M.^{C,X) C 9Jtn''**(C, X) denote the category of n-marked gauged maps 
to X with irreducible domain that are Mundet semistable. We wish to show that 7W,^(C, X) 
is an Artin stack, for which it suffices to show that the semistability condition is open. Re- 
call from Section 4.3 (d) Schmitt's compactification of the moduli space of gauged maps by 
projective bumps. Schmitt [84] defines a semistability condition for projective bumps, which 

generalizes Mundet semistability for gauged maps. Let 9Jl (C,X,F) denote the moduli 
stack of projective bumps, let A^'^''^"°*(C, X, F) denote the subcategory of 9Jl'^''^"°*(C, X, F) 
consisting of families of Mundet semistable bumps. For d € H2{X, Z) and A4^''^^°^ {C, X, F, d) 
the moduli substack of A^*^'^"°*(C, X, F) of semistable bumps with class d. The semistable 
locus A4 '^"°*(C, X, F) is independent of F for F of sufficiently large rank, by [84, Section 
2.7], and will be denoted A4 ''^^"^ (C, X). Recall that X is equipped with the equivariant class 
[tox,G] G H^ai^). 

Theorem 5.11. Let X be a smooth polarized projective G-variety. The moduli stack of pro- 
jective bumps dJl ''^"°*(C, X, F) resp. Mundet semistable projective bumps A4 '^^"^ {C, X, F) 
is an Artin stack locally of finite type, containing M^{C,X) as an open substack. More pre- 
cisely each 9Jt '^"°*(C, X, F, d) resp. '^"°*(C, X, F, d) has a presentation as a quotient of 
a closed subscheme of a quot scheme resp. semistable locus in a closed subscheme of a quot 
scheme. If stable= semistable for projective bumps then for each constant c > 0, the union of 
components M. '^"°*(C, X, F, d) with (d, [wj^g]) < c is a proper Deligne-Mumford stack with 
projective coarse moduli space. 

Proof. Schmitt [84] avoids the language of stacks, but the construction is the same: 9Jl"'^""^(C,X,F) 
is the quotient of a rigidified moduli space 9Jt ^ {C, X, F), and M. '^'^°*(C, X, F) is the 
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quotient of the git semistable locus [84, Theorem 2.7.1.4]). The necessary local quot scheme is 
constructed as follows, in the case G = GL{n). Let E ^ C he a vector bundle and u : E ^ L 
a quotient corresponding to a section of P(£''^). After suitable twisting, we may assume that 
E is generated by its global sections, in which case E \s a. quotient of a trivial vector bundle F. 
We then obtain a double quotient F ^ E ^ L. Such a double quotient can be considered as a 
quotient F^ ^ E x L. Let m^'^'^'i''°\C, X, F) denote the open subscheme of the quot scheme 
Quot^2/f; consisting of such quotients. Let m^^'i''°\C, X, F) = X, F)/ Aut(F) 

be the quotient stack by the action of the general linear group Aut(F). Let 9JI"'^""XC,^,^) 
its closure in Quotp2/c' / Aut(F). Schmitt [84, Section 2.7] shows that a suitable canonical 
polarization on Quot p2 gives a semistability condition which reproduces Mundet semista- 

bility. The git construction shows that each substack m'^'^^"^ {C, X, F, d) is proper. On the 
other hand, the set of classes d such that (d, [wx.g]) < c and M. X, F, d) is non-empty, 

is finite, since, as one may check, (d, [ciJx.g]) is the degree of the line bundle L in Schmitt's 
construction. □ 

On the other hand, there is a natural Kontsevich-style moduli space which allows bubbling 
in the fibers satisfying a stability condition. Denote by M^'^' (C, X) denote the category of 
n-marked nodal gauged maps (that is, not necessarily stable sections) that are Mundet semi- 
stable. Let !M^(C, X) denote the subcategory of M^^'^'^ {C, X) consisting of Mundet semistable 
gauged maps that are semistable, that is, have sections that are stable maps, and M^{C,X) 
the subcategory where C = C. The relationship between the Kontsevich-style compactification 
M {C, X) and the Grothendieck-style compactification Ai ' {C, X) is given by relative 
version of Givental's collapsing morphism [31, p. 646]: 



Q 

Proposition 5.12. Let X be a smooth polarized projective G-variety. Then A4^{C, X) is an 
Artin stack equipped with a proper Deligne-Mumford morphism to A4 ''^^°*(C, X). 

Proof. By Givental's main lemma [31, p. 646], see [55, Lemma 2.6], [25, Section 8], [12], [79] for 
any smooth projective variety X embedded in a projective space P(l^), there exists a proper 
morphism Jligfi(C x X) — )■ Quotp/(^ where Quotj?/^; is the quot scheme of the trivial bundle 
F = Cx V"^ compactifying Hom(C, ¥{V) ) . We apply this as follows, continuing Example 4.2 (e) : 
Consider the forgetful morphism A4q (C, X) Hom(C, i?G). As in Narasimhan-Seshadri [69] 
for G = GL{n, C) or Ramanthan [81], Sorger [85] in general, the stack Hom(C, BG) admits a lo- 
cal presentation as a quotient Tf'^''^^°^{G, F)/ Aut(F) where 971^'''''"°* (C, F) is a quasiprojective 
scheme of bundles whose associated vector bundle is equipped with a presentation as a quotient 
of F. The space ^^^'''^""^(C, F) has a universal G-bundle (C, F) ^ G x m^''i''°\C, F) 

equipped with a G-equivariant Aut(F)-action. Let d € i?2(il'^"°*(C', F) xq X) be the class 
corresponding to d that is, whose push- forward under il^'''i"°*(C, F) xq X ^ Tl^'^°^{C, F) 
is zero and whose fiber class is determined by d. The stack Tl'^{C,X,F,d) is a category 
of bundles with section, and so is isomorphic to the quotient of the rigidified moduli space 
A^s,o(H^'''>"°'(C, F)xgX, d) by the action of Aut(F). Let M^''''"'°*(C7,n''"°*(C, F)xgX, d) be 
the subscheme of Quot^2 jq compactifying morphisms G il^ (C, F) xg X of class d. By 
the relative version of Givental's lemma [79, Theorem, p. 4] there exists a proper morphism 
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g : Mg,o{if''°\c,F) X,d) 9Jt^'''"'°*(C, F) xg X,d) mapping each stable map 

to the corresponding quotient. The morphism Tl {C,X, F,d) dJt ''^^°^{C,X,F,d) is the 
quotient of g by the action of Aut(F). Since g is proper and of DeHgne-Mumford type, so is 
the quotient. After restricting to the semistable locus, we may assume that F is sufficiently 

Q 

large so that every bundle occurs as a quotient of F. Then A4q (C, X) is the inverse image of 

the open substack A4 ' (C, X) and so also an Artin stack. Furthermore M^iC,X) is the 

inverse image of A4q{C, X) under the forgetful morphism obtained by iterating Lemma 5.3, 
and so an Artin stack. Since the forgetful morphism and g are both Deligne-Mumford and 
proper, the claim follows. □ 

Corollary 5.13. Let X be a smooth polarized projective G-variety. Suppose that every Mundet 

Q 

semistable gauged map is stable. For each constant c > 0, the union of components (C, X, d) 
with {d, [ujx,g]) < c is a proper Deligne-Mumford stack. 

Proof. By Theorem 5.11 and Proposition 5.12, the morphisms Ai'^'^^"^{C,X,d) pt and 

Mn{C,X,d) ^ M {C,X,d) are proper and Deligne-Mumford, hence so is their composi- 
tion. □ 

There is another approach to the properness result above which uses symplectic geometry 
rather than the git constructions in Schmitt [84]. Let K he a maximal compact subgroup of 
G. 

Theorem 5.14. Let X be a smooth polarized projective G-variety or a G -vector space with a 
proper moment map. Suppose that every semistable gauged map is stable. The map assigning 
to any stable gauged map the corresponding vortex defines a homeomorphism Z from the coarse 

Q ^ 

moduli space of M„ {C, X,d) to the moduli space of vortices M„ {C,X,d). 

Proof. That the map Z is a bijection follows from Mundet's Theorem 5.9 applied to the princi- 
pal component. We check that the map is a homeomorphism. The topology on the coarse mod- 
uli space M^{C,X,d) is induced from specialization in families: For any convergent sequence 
[(P^,u^)] — )• [{P, u)] there exists an analytic family G of nodal curves over a connected complex 
manifold S, a family of holomorphic G-bundles P C x S, a family of maps G P{X), 
and a convergent sequence Sj/ S s such that [Py,Uy) resp. {P,u) is isomorphic to the fiber 
over Siy resp. s. Fixing a reduction of structure group to K and using the correspondence 
between holomorphic structures and connections gives a family {As G A{P),Us : Cg — >■ PiX)) 
of connections and sections on a fixed i^T-bundle P. If G S" is a sequence converging to 
s G 5 as — 7- oo, then Ag^ A uniformly in all derivatives and Ug^ Gromov converges to 
Ug. In particular, the principal component Ug^^o converges to Ug^ uniformly in all derivatives 
on compact subsets of the complement of the bubbling set. Then u* P{^) — >■ ulP{^) in the 
L^ topology and uniformly on compact subsets of the complement of the bubbling set, and so 
Fa^^ -\-ul^P{^)ujc Fa^-^uIP{^)ujc m the L^-topology on Q^(C, P{t)) and uniformly on com- 
pact subsets of the complement of the bubbling set. Let ^a,u denote the unique global minimum 
of so that the correspondence is given by {A, u) ^ exp(i^A,M)(^, u). The -Fexp(i^A,„)(A,,u,) 

converges to -Fexp(i^A = By the implicit function theorem, there exists a unique 

complex gauge transformation of the form exp(i^^) such that exp(i^^) exp(i^yi^u)(^i/, tii/) is a 
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vortex, with — > in W^''^. Since exp(z^^) exp(i^/i^„) = exjp{i^A^ ,u^) mod IC{P), this imphes 
CAs,us ~^ Ca,u in W^'P. In particular, for p > 2 this impHes S,As,us ~^ (,A,u in C^, which imphes 
that Z is continuous. Continuity of the inverse map M„ (C, X) — )• M„ (C, X) follows from the 

fact that M^{C,X) is a coarse moduli space for families of gauged maps. This in turn 
follows from its construction via Quot scheme methods as in Section 4.5. Namely, for each 
bundle one finds a point in the Grassmannian corresponding to a realization of the bundle as 
a quotient; the construction of this point depends continuously on the connection and curve 
chosen. □ 

Lemma 5.15. Ml'''' {C,X) is an Artin stack equipped with a morphism Ai^^"^' (C, X) 

Q 

7W„ (C, X) collapsing unstable components. 

Proof. Ml ' {C,X) is the pre-image of M^ {C, X) under the morphism of Lemma 5.3. □ 

Q 

The assignment X — > M^ {C, X) is functorial in the following sense, generalizing functori- 
ality of the stacks of stable map in Behrend-Manin [10]. 

Definition 5.16. The category of smooth polarized varieties with reductive group actions has 

(a) (Objects) are data (G, X, L) consisting of a reductive group G, a smooth polarized 
G- variety X, and an ample G-line bundle L ^ X] 

(b) (Morphisms) from (Gq, Xq, Lq) to (Gi, Xi, Li) consist of pairs of a morphism (p : Xq — )• 
Xi a surjective homomorphism ■0 : Gq — )• Gi and an injective homomorphism l : 
Gi —7- Go such that ip preserves Hilbert-Mumford weights, that is, if xq is fixed by 
one-parameter subgroup — t- l{Gi) then xi has the same weight as 'p{xo). 

Remark 5.17. The definition of morphism implies that Go is a product of Gi with the kernel 
of ■01 and that the semistable locus in Xq maps to the semistable locus in Xi. 

Q 

Proposition 5.18. X i-^ M^ {C,X) extends to a functor from the category of smooth polarized 
varieties with reductive group actions to (Artin stacks, equivalence classes of morphisms of 
Artin stacks). 

Proof. Consider the composition {C, Xq) — Tl^^ {C, Xi). Let {Pq,uq) be an object of 

Tlj^ {C,Xq). Any parabolic reduction of Pq Gi to a parabolic subgroup Ri defines a 
parabolic reduction of Pi to Rq = ip~^{Ri), via the isomorphism P xq^ Gi/Ri — > P/Rq, and 
the associated graded bundles Gr(Po)- Any character of the center of i?i defines a character 
of the center of Rq. The image of the associated graded section Gr(uo) : G — >■ P{Xq) is 
the associated graded section of the image of uq under P{Xq) — > P{Xi). Since the Hilbert- 
Mumford weights are preserved, the Mundet weight is the same and the image of the Mundet 
semistable locus A^^°(G, Xq) lies in A^^^'^'^'^(G, Xi). By restriction we obtain a morphism from 
M^° {C, Xq) to m'^^'^'^{C,Xi), and by composition with the collapse map, to m'^^ {C, Xi). 
The functor axioms (identity, composition) are immediate from the definition of the collapse 
maps. □ 



In particular taking Xi and Gi in the lemma above to be trivial gives: 
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Corollary 5.19. There exists a forgetful morphism 

f:M':{C,X)^MniC) 

which maps {C,P,u,z) to the stable map to C obtained from (C, vr o u,z) by composing with 
the projection C x X/G — )• C and collapsing unstable components as in (20). 

In order to investigate splitting properties of the gauged Gromov-Witten invariants we in- 
troduce moduli spaces whose combinatorial type is a rooted forest (finite collection of trees) T. 
Denote by T^^^{C,X), resp. Mjr*(C,X), resp. M^'^^'\C,X), resp. J4^^^{C,X) the stacks 
of nodal gauged maps resp. nodal gauged maps with stable sections resp. Mundet semistable 
maps resp. Mundet semistable maps with stable sections of combinatorial type T defined as 
follows: 

Definition 5.20. (Stacks of gauged maps with disconnected combinatorial type) Suppose 
that r = To U Fi . . . U is a disjoint union of trees Fg, . . . ,r; equipped with a root vertex 
vq G Vert(ro) and a homology class d = dQ + . . . + di € i/2^(X,Z). Let pjj(C,X) be defined 
as above and for i > 1 (not containing the root vertex) let 

(the quotient of the moduli stack of parametrized stable maps by the G-action). Let Al^p(C, X, d) 

Q 

be the product of moduli stacks A^^ p. (C, X, di). 

Let < denote the partial ordering on combinatorial types, so that L < F' if F' is obtained 
from F by collapsing edges. Denote by M.n,r{C) = Ur'<r-'^n,r'(C') the "compactified" stack 
of nodal curves of combinatorial type F and Cn,r{C) Mn.r{C) the universal curve. These 
stacks of various combinatorial types are related as follows, in the language of tree morphisms 
[10]. 

Proposition 5.21. Any morphism of rooted trees T : F ^ F' induces a morphism of moduli 
spaces of nodal resp. stable gauged maps 

In particular, 

(a) (Cutting an edge) // T : F — >• F' is a morphism cutting an edge, then A4nY'{C, X) 
may be identified with the fiber product A^„ r/(C, X) 'X(x/G)^ i^/G) over the diagonal 
A : {X/G) — > {X/GY and A4{T , X) is projection of the fiber product on the first factor. 

(b) (Collapsing an edge) //F' is obtained from F by collapsing an edge then A4„p(C, X) is 
isomorphic to A4'^^j-'{C, X) ^^^^^ Tln,r{C) o.nd M.{T,X) is projection on the first 
factor. 

5.3. Toric quotients and quasimaps. In this section we treat the case that X is a vector 
space equipped with a linear action of a torus G. 
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Remark 5.22. (Quotients of vector spaces by tori) Suppose X has weights fii, . . . G g"^. A 
moment map for the G-action on X is given by 

(zi, ...,Zk)^i^- ^^/ii|zip/2^ 

where G 3^ is a constant. Assuming is rational, the choice of this constant determines 
a polarization Oxi^) X given by twisting the trivial bundle with the rational character 
corresponding to z/. The semistable locus is then 

(29) X*^" = {{zi,...,Zk)\span{fii,Zi =^ 0} 3 i^} . 

The git quotient X//G is then a toric variety with residual action of the torus {C^)^/G. The 
git quotient X//G is proper if the weights ni, . . . , Hk are contained in an open half-space in the 
real part, and stable=semistable if Hiiv) 7^ for all i. Note that X//G depends on the choice 
of I'. The components of the hyperplanes ker Hi are called chambers for 1^. 

Example 5.23. (The projective plane and its blow-up as a quotient of affine four-space) Suppose 
that X = C^ and G = (C^)^ acting with weights (-1, 0), (-1, 0), (-1, -1), (0, -1). 

(a) For 1/ = (1,2) the unstable locus has a component given by the sum of the weight spaces 
with weights (—1,0), (—1, —1) and a component equal to the weight space with weight 
(0, —1). The quotient X//G is isomorphic to via the map 

[xi,X2,X3,X4] = [(l,Xj^)(xi,X2,X3,X4)] = [(xi , ^2 , j\ 1)] ^ [xi , X2 , X3X4 ^] G P^. 

(b) For I' = (2, 1), the semistable locus has a component given by the sum of the weight 
spaces with weights (0, — 1), (— 1, — 1) and a component weight (0,-1). The quotient 
X// G is isomorphic to the blow-up of P^ with the map to P^ blowing down the excep- 
tional divisor given by [xi, X2, X3, X4] 1— )■ [xi, X2, xsxj"^]. 

See Figure 15. 




Figure 15. Quotients for the (C^) action on C 

Morphisms from a curve G to the git quotient X//G are closely related to objects in the 
stack of quasimaps H^{C,P Xq X)/G as follows. If u G H^{G,P Xq X) takes values in the 
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semistable locus then it defines a map to and any map to X//G arises in this way.If C 

has genus zero, P ^ C has ci(P) = d and Xj denotes the weight space with weight fij then 
there is an isomorphism of G-modules 

(30) H\C,PxgX) ^ X{d) := (o.W/^.)+i). 

i 

Any polarization Ox{^) of X induces a polarization Ox{d){^) by taking the moment map resp. 
polarization to be given by € We say that a quasimap u G H^{C,P Xq X) is (semi) stable 
if it is (semi)stable for the polarization Ox{d){^)- 

Proposition 5.24. For any d G H2{X,'L), there exists a constant po such that if sta- 
hle= semistable for the G-action on X[d) and p > po then a gauged map (P,A,u) € 1-L{P,X) 
of class d is p-semistable iff u ^ H^{C, P Xq X) is semistable for the action of G, so that there 
is an isomorphism of stacks 

M^{C,X,d) ^ H^{C,P xgX)//G = X{d)//G. 

Proof. Since G is abelian, there are no parabolic reductions and Mundet's criterion for semista- 
bility becomes 

/i(a,A)= / (ci(P) + pP($)oGr(n)oM,-A) <0 
J[C] 

where A represents an infinitesimal automorphism of the bundle P, that is, an element of the 
group G. For p sufficiently large, we may ignore the term involving ci{P) and obtain the 
stability condition for the action of G on H^{G, P xq X). □ 

Example 5.25. (a) (Projective Space) Let X = C*"' with G = acting diagonally. Identify 
H§{X, Z) ^ Z. Then X(d) = C'^'^ and M^{G, X, d) = C'"^//C'' = F'"^~^. A polynomial 
[u] € A4^{G, X, d) defines a map to p'^~^ of degree d iff its components have no common 
zeroes. 

(b) (The projective plane and its blow-up as a quotient by a two-torus) Suppose that 
X = and G= (C^)^ acting with weights (1,0), (1,0), (1,1), (0,1). With (i = (1,0), 
we have X{d) = C(o,i) © '^fii) © ^(i^o)- '^^^ moduli spaces of gauged maps are for 
V = (1,2) or Blpi(P^) for v = (2,1). For example, by Thaddeus [90] the two quotients 
are related by blow-up along €,®^^^//G = P^. 

The comparison between the vortex equations and quasimaps has been investigated from 
the symplectic point of view by J. Wehrheim [95], based on earlier work of Cieliebak-Salamon 
[15]. The space of quasimaps appears in the work of Morrison-Plesser [64], Givental [31], Lian- 
Liu-Yau [55] etc. on mirror symmetry as an algebraic model for the space of stable maps to 
the quotient X//G. 

5.4. AfRne gauged maps. Let X be a G-variety as above. In this section we construct the 

Q 

stack M.^ ]^(A, X) of affine gauged maps. These are used later to construct the quantum Kirwan 
morphism. The following extends Definition 1.2 to the case of orbifold target X//G. 

Definition 5.26. (Affine gauged maps) An n-marked affine gauged map to X over a scheme 
S consists of 
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(a) (Projective weighted line) a weighted projective hne C = P[l, r] for some r > 

(b) (Marking) an n-tuple of distinct points (zi, . . . , Zn) : S (C — {oo})", where oo := B^r 
is the stacky point at infinity; 

(c) (Scahng) a non-zero meromorphic one-form A € H^{C x S,T^{2oo)) and 

(d) (Representable morphism) a representable morphism u : C x S ^ X/G such that 
u{oo, s) G X//G for all s e S. 

A morphism of n-marked affine gauged maps {zj , Xj , uj ) consists of an automorphism ip : C ^ C 
mapping zq,* to zi^i and pulling back Ai to Aq and an isomorphism of ui o 7/; with uq. 

The complement of 00 in C has the structure of an affine line determined by A, hence 
the use of the terminology affine. The category A^^^(A, X) of n-marked affine gauged maps 
to X/G has the structure of an Artin stack: In the case that X//G is a free quotient, it is 
an open substack of the stack Hom^ ^j-^^(C„^i(A), X/G) considered in Example 4.3. More 

generally, in the case that X//G has orbifold singularities, M^i{A,X) is an open substack of 
Hom^tw , J(t*"i(A),X/G) where Tl^^ii^) is defined in Definition 4.2. 

Definition 5.27. (Nodal affine gauged maps) A nodal n-marked affine gauged map to X over 
a scheme S consists of a nodal marked scaled affine curve G = (C, X,zo,..., Zn) over S, possibly 
twisted at the nodes of infinite scaling and the root marking, and a representable morphism 
It : C — )• X/G. In addition we require that 

(a) (Root marking is target-stable) u{zq) G Ix//g'i 

(b) (Infinite area components are target-stable) on any component such that A is infinite, 
u takes values in the stable locus X//G\ 

(c) (Zero area components are bundle-stable) the bundle is stable, hence trivializable, on 
the locus on which the scaling is zero. 

A morphism of affine gauged maps {C,X,z,u : G — )• X/G) to {G',X',z',u' : G' X/G is 
a morphism cp : G ^ G' of scaled curves from (C, A,z) to {G',X',z') such that u = u' o <j). 
The homology class of u : C — > X/G is u*[C] € H2{X,Q) (integral in the absence of orbifold 
singularities on the curve G). A affine gauged map over S is stable if every fiber Us ■ Gg ^ X 
admits only finitely many automorphisms, or equivalently, every component on which u has 
zero homology class has at least three special points or two special points and a non-trivial 
scaling. 

Denote by A4„ i{A, X, d) resp. 9Jt„ ^{K, X, d) the stack of stable resp. not-necessarily stable 

Q 

scaled curves of genus zero and homology class 7 and by A1^ ]^(A, X) the sum over homology 
classes. 

Q Q 

Theorem 5.28. ^^(A, X, c?) resp. Jl4^i{A,X,d) is an Artin stack resp. proper Deligne- 
Mumford stack. 

Proof. It follows from Example 4.3 that the hom-stack Hom^^tw (c!™, pC-^)! ^/f?) is an 

"^n,i,r\^) ' ' 

Artin stack, since i ri-^) ~^ 1 ri-^) is proper and X is smooth. The conditions defining 

Q Q 

Ai^^i{A, X/G, d) (values in the semistable locus where A = 00) are open and so ;^(A, X/G, d) 
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is an open substack of Hom^tw p(A) , X/ G) . Furthermore, by assumption G acts freely 

Q 

on the semistable locus in X and so i{K,X/G,d) has finite automorphism groups, and so 
is Deligne-Mumford. Properness is equivalent to properness of the underlying coarse moduli 
space by Proposition 4.9. This in turn follows from the compactness Theorem 3.20. □ 

Theorem 5.29. Suppose that X is either a smooth polarized projective G-variety or a polarized 
vector space with linear action of G and proper moment map. The coarse moduli space of 
A^„^]^(A, X) is homeomorphic to the moduli space of affine symplectic vortices M^^i{A,X). 



Proof. This is mostly proved in [93] using the heat flow for gauged maps in [92]. We sketch 
the proof: Any morphism u : C — )• X/G with u{zq) € X//G determines, by restriction, a pair 
{A,u) on A = C — {zq} taking values in the semistable locus, which can be complex-gauge- 
transformed (using the implicit function theorem) to a pair satisfying the vortex equations 
outside of a sufficiently large ball. The heat flow for gauged maps provides complex gauge 
transform to a symplectic vortex; the convexity of Mundet's functional implies that the complex 
gauge transformation is unique up to unitary gauge transformation. Let C — >■ 5, ii : C — )• 
X/G,X,z : S C" be a family of stable affine gauged maps and sq € S. After restricting 
to a neighborhood of sq we may assume that the bundles are obtained from a fixed principal 
ii'-bundle on Gsq and family of connections on C^,, via gluing. For each s E S, there is a unique- 
up-to-unitary gauge transformation gg € G{P) such that gs{As,Us) is a vortex, obtained as the 
minimum of a functional ips obtained by integrating the moment map. We have -^^^.(As.ms) ~^ 
^gs{Asg,usf^)j as s —7- So ill by convergence away from the bubbling set, for any component 
{AsQ,UsQ)j of (AsqjUsq) with finite scaling. By the implicit function theorem Qs converges 
to in a suitable Sobolev l,p-space for p > 2, hence in C^. Continuity of the inverse 
map i{A, X) i{A, X) follows from the fact that M,^ i{A, X) is a coarse moduli 

space for G^ families of gauged maps, by its construction via Quot scheme methods as in 
Section 4.5. Let {Gs, Ps, As,Us) be a family of nodal afhne vortices over a topological space 
S. {Gs, Ps, As) defines a continuous family of holomorphic bundles, denoted {Gs,P^). Any 
such bundle is the pull-back of the universal deformation p™^" ^umv q£ {CsQ,P^g) by some 
continuous map S S'^^", where is the holomorphic bundle defined by Aq. Consider Us as 
a continuous family of holomorphic maps to P"'^'^(X), with Gromov limit uq : Gq P^'^"{X). 
The latter is also the limit in the algebraic sense of the maps Us, that is, the limit of the 
corresponding points [us] in the moduli space of stable maps to Taking the universal 

deformation of uq realizes uq as an algebraic specialization of Us, which shows that that map 
M^^i{A,X) M^^i{A,X) is continuous. □ 



Following Behrend-Manin [10] in the case of stable maps, we show that the moduli stacks of 
affine gauged maps are functorial for suitable morphisms of G- varieties. 

Proposition 5.30. There is a canonical morphism Ad^'f^'^ {A, X) A4^i{A,X), given by 
(recursively) collapsing unstable components. 
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Proof. Given a family u : C ^ X/G of affine gauged maps to X and an ample G-line bundle 
L — )• X define 

,* r 3\C>5n 



C^* = Proj 7r,(w^/5(zi + . . . + z„) v*L^f 



n>0 

The map u factors through C** and commutes with base change, in the case that the family 
arises from forgetting a marking from a stable family by the similar arguments to those in 
Behrend-Manin [10]. As in the case of (21), it is necessary to perform this construction twice 
in order to produce a stable affine gauged map. The general case reduces to this one, by adding 
markings locally. The orbifold case is as in [3, Section 9], by taking the proj relative to the 
target stack. □ 

Recall category of smooth polarized G -varieties from Definition 5.16. 

Q 

Corollary 5.31. X ^ A4„j(A, X) extends to a functor from the category of smooth polarized 
G-varieties to Deligne-Mumford stacks. 

Proof. Given morphisms (f) : Xq — > Xi,Go — )• Gi we obtain a morphism from A4^^'}(A, Xq) to 

Ain\^^'^ {A, Xi) by composing u with (p. Composing with the collapsing morphism 5.30 gives 
the required morphism of moduli stacks. □ 

Example 5.32. (Affine gauged maps in the toric case) Suppose that G is a torus and X a vector 
space with weights /ii, . . . , /^at. Then A4fi{A,X) = Hom(A, X)'^'^/G where Hom(A, X)'''' is the 
space of morphisms from A to X that are generically semistable, that is, u : A — )■ X such that 
u~^{X^^) C A is non-empty. 

(a) (Projective space quotient) If X = C'^ with G = acting diagonally, the component 
of homology class d G H2{X, Z) = Z is 

Hom(A, X, dr/G = I J^(ae,i, . . . , ae,k)z' \ (a^,!, . . . , ad,k) 7^ i /G 

For example, if d = 1 and k = 2 then 

Mf^i{A,X, 1) = {(ai^izi + ao,i,ai,2^2 + ^0,2), (01,1,01,2) / 0}/G 

is the total space of Op(l)®2. Its boundary is isomorphic to Mo,2i^,[F]) ^ P^, the 
moduli space of twice-marked stable maps of degree [P], by the map which attaches a 
trivial affine gauged map at the marking zi. 

(b) (Point quotient) The case of X = C is studied from the point of view of vortices in Jaffe- 
Taubes [42]. To describe this classification, let Sym^(A) = A'^/Sd denote the symmetric 
product. Jaffe-Taubes [42] show that the map 

Mf^i{A,X,d) Sym^(A), [n] ^ u~\0) 

is a homeomorphism on coarse moduli spaces, which is obvious from the algebraic 
description given here. 



74 C. WOODWARD 



(c) (Weighted projective line quotient) The following is an example with orbifold singular- 
ities in the quotient X//G. Let C2 resp. C3 denote the weight space for Gc = with 
weight 2 resp. 3 so that X = C2 © C3 and X//G = P[2,3]. Identifying H^^{X,q) ^ Q 
so that H2{X, Z) = Z we see that for complex numbers ao, 60, ai, 61, . . . 



Mf^^iA,X,0) = {(ao,6o) /0}/G^P[2,3] 

X^^i(A,X,l/3) = {(ao,6i^ + 6o),6i /Oj/G^CV^s 

Mf^i{A,X,l/2) = {{aiz + ao,biz + bo),ai^O}/G^C^/Z2 

Mfi{A,X,l) = {{a2z'^ + aiz + ao,b3z'^ + b2z'^ + biz + bo),ia2,h) j^O}/G 



MfM,X,2/3) = {{aiz + ao,b2Z^ + biz + bo),b2^0}/G^CyZs 



Q 

The stacks ^^^^{A, X) satisfy functoriality with respect to morphisms of colored trees, 
similar to Proposition 4.7, with the caveat that because we allow stacky points in the domain, 
in the case that X//G is only locally free, the gluing maps will not be isomorphisms: 

Proposition 5.33. Any morphism of colored trees T : T ^ T' induces a morphism of moduli 
spaces 

In particular, 

(a) (Cutting an edge or edges with relations) If T : T' T is a morphism corresponding to 
cutting an edge of T, then there is a gluing morphism 

(31) g{T,X) : A7?,r'(A,X) x 1^^^ ^ >^?,r(A,^) 

where m is the number of cut edges and the second morphism is the diagonal 

. -jm -j2m 
^ ■ ^X/G ^X/G 

which is an isomorphism in the absence of stacky points in the domain, that is, if 
X//G is a variety, and in general is an isomorphism after passing to finite covers. The 
morphism J\A{T,X) is given by projection on the first factor. 

(b) (Collapsing an edge) // T' is obtained from T by collapsing an edge then there is an 
isomorphism 

7W^,r,(A,X) x^^^^^^j^^Tln,riA) ^mIaKX) 

and A4(T,X) is given by projection on the first factor. 

Proof. In the case that X//G is a variety, these claims are immediate from the definitions. In 
the case that X//G is a Deligne-Mumford stack, the gluing maps are isomorphisms after passing 

to the stack Al„'r {A,X) of stable affine gauged maps with sections at the stacky points. □ 



QUANTUM KIRWAN MORPHISM AND GROMOV-WITTEN INVARIANTS OF QUOTIENTS 



75 



5.5. Scaled gauged maps. In this section, we construction moduli stacks of scaled maps with 
projective domain. These are used later to relate the gauged graph potential of X with the 
graph potential of the quotient X//G. Let X be a smooth projectively embedded G- variety 
and C a smooth connected projective curve. 

Definition 5.34. A nodal scaled gauged map from C to X consists of a twisted nodal scaled 
n-marked curve (C,z, w) as in Definition 2.44, with orbifold structures only at the nodes with 
infinite scaling, together with a morphism C ^ C x X/G consisting of a bundle P C and a 
representable morphism u : G ^ C x P{X). Such a map is stable iff 

(a) (Finite scaling) if oj is finite on the principal component then u is stable for the large 
area chamber; 

(b) (Infinite scaling) if oj is infinite on the principal component then C admits a decompo- 
sition into not-necessarily- irreducible components G = Cq U . . . U where uq = u\Gq 
is an r-marked stable map Co — > C x [X//G) and Uj = n|Cj : Cj — ?> C x X/G are stable 
affine gauged maps. 

A morphism of scaled Mundet-stable curves (C',A,z, u) to {C' , X' , ,u') is an isomorphism of 
the underlying scaled curves (j) : C ^ C' intertwining the scalings, markings, and morphisms. 
A nodal gauged map is stable if it is Mundet stable and has finitely many automorphisms, that 
is, each non-principal component with non-degenerate scaling resp. degenerate scaling has at 
least two resp. three special points. 

Q 

Let 9Jt„i(C, X) denote the stack of nodal Mundet-semistable scaled gauged maps, and 

Q Q 

M.^i{G, X) the stack of semistable scaled gauged maps. M.^i{G,X) is the union of stacks 

Q ' 

^(C, X)<oo consisting of gauged vortices for large area chamber and a scaling on the un- 
derlying curve, and a stack consisting of maps from G to X//G and collections of affine maps 
to X/G: 

M'^^,{G,X,dU := U Mr{G,X//G) X(^x//gy ^=iMI^^{KX). 

r,[Ii,-,Ir] 

Note that M.^ ^(C, X) contains Ai^ {C^ X) as the zero section. 

Proposition 5.35. dJl^ i{C^ X) is an Artin stack. A4,^^ -^{C^ X) is an open substack equipped 

Q ' 

with a morphism p : Ai,^ i{C^X) A4o,i{C) = P such that there is an isomorphism 

M^iG,X,d)^p-\0) 

(with stability on the domain given by the large area chamber p ^ 0) and there is an isomor- 
phism 

(32) U M?{G,X//G) xjr^^^ ^^,mI,{KX) ^ /^-^(oo). 

il+...+ir=n 

Q 

The coarse moduli space of M.^ i{G,X) is homeomorphic to the moduli space of scaled vortices 
mJi(C,X). 
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(J 

Proof. That 9Jt„ i{C,X) is an Artin stack follows from Example 4.3, since the universal scaled 

Q Q 

curve is proper over 9Jt„ ^(C, X) and 9Jt„ ^^(C, X) is the hom-stack of representable morphisms 

Q 

from the universal scaled curve to X/G. To see that i{C,X,d) is an Artin substack we 

Q Q Q 

must show that 9K„ ]^(C, X, (i)<oo\-A4„ i(C, X, d)<oo is closed in 9Jt„ ]^ (C, X, d) . Unfortunately 
we do not know a purely algebraic argument for this. An argument which uses the Hitchin- 
Kobayashi correspondences above goes as follows: Suppose that u : C ^ C x X/G is a family 
of scaled maps over a parameter space S with central fiber uq an infinite-area gauged map, that 
is, a map Cq — >■ X//G together with a collection of affine gauged maps Cj — > X/G, i = 1, . . . , k, 
and for s ^ 0, the map Ug p^-unstable with ps oo as s 0. In particular the principal 
component of Us can be represented as a pair {As,Vs) with {As,Vs) flowing under the heat flow 
in Venugopalan [92] to a limit {A'g,v'g) that is reducible. Since K acts locally freely on the zero 
level set $~^(0) there exists a constant c > such that 

Vx e X, dim(i^^) > ^ \\'^{x)\\ > c. 

Using the energy- area identity there exist constants cq, ci such that 

\\p;^FA'^+Ps{v',yP{^)\\L2 > C0 + Cl\ps\ 

which implies the same estimate for {As,Vs)- Now {As,Us) — )■ (^oc'^oo) with = 
on the principal component implies that H-FasIIl^ is bounded, hence ||f*P($)||x,2 oo. 
This contradicts = 0. Hence uq is not in the closure of the unstable locus in 

If every polystable scaled gauged map is stable then M.^ i{C,X) is Deligne-Mumford. The 
homeomorphism of the coarse moduli space to the moduli space of vortices is already established 
for curves with finite scaling or curves with infinite scaling via Mundet's correspondence and 
its version for affine curves in Theorem 5.29. It remains to show that the homeomorphisms on 
these subsets glue together to a homeomorphism on the entire space, that is, that the bijection 
and its inverse are continuous. Let C S,u : G X/G, X,z: S C" be a family of stable 
scaled gauged maps and sq G S. After restricting to a neighborhood of sq we may assume 
that the bundles are obtained by applying the gluing construction to a principal i^'-bundle on 
CsQ to family of connections on C^g. For each s € S, there is a unique- up-to-unitary gauge 
transformation S G{P) such that gs{As,Us) is a vortex, obtained as the minimum of a 
Mundet functional. We have -^^^^(Aa.Ms) ~^ -^gso(Aso'"so)j ^-s s ^ sq in a weighted Lebesgue 
space for any component {Asf^,UsQ)j of {Asq,Uso) with finite scaling. By an argument using 
the implicit function theorem in [93] converges to (7<jq in Wg'^, hence in on the complement 
of the bubbling set. Note that because the area form is blowing up, the convergence does 
not hold at the bubbling points and indeed there is not convergence of the complex gauge 
transformation on the principal component. A similar discussion holds on any of the bubbles 
on which the limiting scaling is finite: Namely if (ps '■ (0) ^ C is a sequence of embeddings of 
balls of radius ^ oo such that 4)l{As,Us) converges to cin ciffinG vortGx w). Then 
converges to Fa^u in and this imphes that the gauge transformations Qs converge in on 

^ Q 

the compact subsets of the affine line. Continuity of the inverse map ^{C^ X) — )■ ^{C^ X) 

follows from the fact that M„ i{C, X) is a coarse moduli space for G^ families of gauged maps, 
which is similar to the case C = A. □ 
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6. Virtual fundamental classes 

The virtual fundamental class theory of Behrend-Fantechi [9] (which is a version of earlier 
approach of Li-Tian [54]) constructs a Chow class from a perfect relative obstruction theory. 
Stacks of representable morphisms to quotient stacks by reductive groups have canonical perfect 
relative obstruction theories, by the same construction in [9] and a deformation result of Olsson 
[73]. In this section, we construct virtual fundamental classes for stacks of gauged (resp. gauged 
affine, gauged scaled) maps. 

6.1. Sheaves on stacks. Any Artin stack X comes equipped with a canonical structure sheaf 
of rings Ox in any of the standard Grothendieck topologies on X. A sheaf on an Artin stack 
X will mean a sheaf of 0;t'-niodules over the lisse-etale site of X^ see Olsson [71], de Jong et 
al [20, Chapter 62]. A sheaf E is coherent for object of site the pull-back of E is coherent, 
that is, admits presentations — >■ E\U of finite type, and furthermore any such presentation 
has kernel of finite type. The derived category of hounded complexes of sheaves with coherent 
cohomology Co\i{X) is the subcategory of the derived category of complexes of coherent 
sheaves with coherent bounded cohomology groups. It is a triangulated category obtained by 
inverting quasi-isomorphisms in the category of complexes of sheaves with coherent cohomology. 

Example 6.1. (Examples of complexes of coherent sheaves on Artin stacks) 

(a) (Equivariant sheaves) li X = X/G is the quotient stack associated to a group action 
of a group G on a scheme G, then the category of sheaves on X is equivalent to the 
category of G-equivariant sheaves on X, by an argument involving simplicial spaces [52, 
12.4.5]. 

(b) (Cotangent complex) Any morphism of Artin stacks f : X ^ y defines a cotangent 
complex Lx/y G Co]i{X) satisfying the expected properties [71], for example, if 
g -.y ^ Z \s another morphism of Artin stacks then there is a distinguished triangle in 

Co\v{X) ...^ Lx/z ^ Lx/y ^ Lf*Ly/z[l] ^ • • • • 

6.2. Cycles on stacks. The notion of rational Chow group A{X) of a Deligne-Mumford stack 
X is developed in Vistoli [94] , and further improved in Kresch [50] . A cycle of dimension k on 
X is an element of the free abelian group Zk{X) generated by all integral closed substacks of 
dimension k so that the group of cycles is 

Z{X) = ^Zk{X). 

k 

A cycle with rational coefficients of dimension k is an element of the group Zi.{X) (8) Q. The 
group of rational equivalences on cycles of dimension /c on <Y is 

Wk{x) = ^c{yr 
y 

the sum of the spaces of non-zero rational functions on substacks 3^ of of dimension k + 1. 
Set 

W{X) = ®kWkiX), W{X)q = W{X)<S)Q. 

If X is a scheme, there is a homomorphism dx '■ W{X) — >■ Z(X) that takes a rational function 
on a subvariety of X to the cycle associated to its Weil divisor. For a stack X, the functors 
Z, W define sheaves on the etale site of X, the maps dx define a morphism of sheaves and a 
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hence a morphism of spaces of global sections dx : W{X) — >■ Z{X). The Chow group is the 
cokernel 

A{X) := cokevidx : W{X) Z{X)) 
and the rational Chow group is A{X)iq^ = A{X) ® Q. 

Let / : ^ — 7> 3^ be a morphism of Deligne-Mumford stacks. If / is fiat, then there is a 
flat puUback f* : Z{y) — > Z{X). If / is proper, then there is a proper push-forward : 
Z{X)q Z{y)Q given for finite flat morphisms by f^[X'] = deg(;f7/(;k"))[/(;t")]; note that 
for stacks the degree is a rational number, see Vistoli [94, Section 2]. These maps pass to 
rational equivalences, so that we obtain maps 

/* : A{y) ^ AiX) f flat, /, : A{X)q ^ A{y)Q f proper. 

li f : X ^ y is a regular local embedding of codimension d and Z — )• 3^ is a morphism from a 
scheme V, then there is a Gysin homomorphism 

f' : Z{y) — > A{X xyV) f regular local embedding 

defined by local intersection products. Vistoli [94, Theorem 3.11] proves that this passes to 
rational equivalence. The Gysin homomorphisms satisfy the usual functorial properties with 
respect to proper and flat morphisms: For any fiber diagram 

X" — - y" 

P Q 

X' — - y 



X — y 

where y' , y" are schemes and / is a regular local embedding, (i) if q is proper then /'g* = 
and (ii) if q is flat then fq* = p* f . 

If / : X ^ y is a morphism of schemes the there is a bivariant Chow group A'^{X — )• Y), 
whose elements a of degree I associate to any morphism U ^ Y and each class u € Afc(i7) a 
class, denoted aCiu, in XyU) satisfying compatibility with flat pull-back, proper push- 

forward, and Gysin homomorphisms for regular local embeddings. The definition of bivariant 
Chow groups extends to representable morphisms of stacks f : X ^ y [94, Section 5], and the 
action on Chow groups of schemes extends to an action on Chow groups of stacks equipped 
with morphisms to y. 

The theory of Gromov-Witten invariants requires bivariant Chow theory for representable 
morphisms of Artin stacks. As explained by Behrend-Fantechi [9, Section 7] 

Proposition 6.2. (a) If X ^ y is a representable morphism of Artin stacks, then there 
exists a bivariant Chow group A'^{X — > y). 

(b) If X ^ y is a regular local immersion then there exists a canonical element [/] G 
A^ {X —7- y) whose action on Chow cycles is denoted /'. 

(c) If X y is flat then there is a canonical orientation class [/] € A^ {X y). 
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6.3. The equivariant case. Now we define derived categories and Chow groups for G-stacks. 
Let X he a G-stack with muhiphcation ^ : G x X ^ X and projection on the right factor 
p : G X X ^ X. and F ^ X a, sheaf. A G -linearization of F is an isomorphism of sheaves 
(j) : fi* F p* F which is compatible with multiphcation in the sense that (pxldxYfl) '^^ equal to 
(Idc X p)*(f). A G- sheaf on is a sheaf together with a linearization. Any G-sheaf F descends 
to a sheaf F/G on the quotient stack X /G, so that the cohomology of F/G is the invariant 
part of the cohomology of F: 

W{X/G,F/G) ^ WiX,Ff,yj. 
In particular, if these are all finite then the Euler characteristics satisfy 

xiX/G,F/G)=x{X,Ff. 

The equivariant derived category Z)'' Coh'^(Af) is the derived category of the quotient stack 
Coh.{X/G). In particular, any complex of G-sheaves defines an object in Coh^{X). Note 
that if X/G is Deligne-Mumford, then D'^Coh'^^X) is the usual derived category of bounded 
complexes of coherent sheaves, otherwise one needs more complicated constructions involving 
Cartesian sheaves [71]. The equivariant cotangent complex is the cone := Cone(-L;t' 0^) 
on the morphism Lx — 0^ induced by the action of G. By the exact triangle for cotangent 
complexes, if the action of G on A" is locally free, so that X/G is again a Deligne-Mumford 
stack then descends to Lx/g- 

Suppose that G is a reductive group, and X \s a proper Deligne-Mumford stack X of di- 
mension n equipped with an action of G. The equivariant Chow groups A'-'{X) are defined by 
Edidin-Graham (for schemes) [23] and Graber-Pandharipande (for stacks) [35] as follows. Let 
V be an ^-dimensional representation of G such that V has an open subset U on which G acts 
freely and whose complement has codimension more than n — i. Let 

Af{X) = A,+i^g{U XG X) 

be the i-th equivariant Chow group. By [23, Proposition 1] (for schemes; the argument for 
Deligne-Mumford stacks is the same) Af{X) is independent of the choice of V and U. It 
satisfies the following properties 

(a) (Functoriality) li X,y are Deligne-Mumford stacks equipped with actions of G then 
any G-equivariant morphism f : X ^ y induces a map /* : A'^{X) ^'^(3^). 

(b) (Free actions) If the action of G on X is locally free then A'^{X) A{X/G) IS an 
isomorphism, where X /G \s the quotient stack. (This is [35, Lemma 6] in the case 
G = C^). 

More generally, Kresch has introduced a notion of Chow groups for Artin stacks [51], so that 
A{X /G) is isomorphic to A'^{X)., for a not-necessarily-free action of a reductive group G on a 
Deligne-Mumford stack X . 

6.4. Obstruction theories. Often a stack X is given (at least locally) as a zero locus of a 
vector bundle 8 ^ y. In such a case, is a complete intersection and so carries a fundamental 
class. The notion of perfect obstruction theory for X keeps some of this information and is 
enough to reconstruct a virtual fundamental class for X. 
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Definition 6.3. An obstruction theory for an Deligne-Mumford stack X is a pair (E, <j)) where 
E € Oh{D^ Coh.(X)) is an object in the derived category of coherent sheaves in the etale 
topology and (j) : E Lx is a morphism in the derived category of coherent sheaves such that 

(a) K-iE) = 0,i > 0; 

(b) h?{4') is an isomorphism; 

(c) h~^{(j)) is surjective. 

The rank of E is the virtual dimension of X. A relative obstruction theory for a morphism 
of stacks f : X —?■ y is defined similarly, but replacing the cotangent complex with its 
relative version Lf. An obstruction theory {E,<j)) is perfect if E has amplitude in [—1,0], that 
is, non- vanishing cohomology only in degrees 0,-1. Behrend-Fantechi [9] furthermore assume 
that there is a global resolution of E, that is, a complex of vector bundles F = [F^^ — ?• F^] 
together with an isomorphism of F to E in L'*Coh(^), but this assumption is removed in 
Kresch [51]. 

The following is a criterion for a pair {E, (p) to give an obstruction theory: 

Definition 6.4. A closed immersion T — t- T of schemes is called a square-zero extension with 
ideal sheaf J if J is the ideal sheaf of T in T and = 0. 

Given a morphism g : T ^ X, the homomorphism g*Lx — > -^^/^^ defines an element 
io{g) (i¥.^t\g*Lx,J). 

Proposition 6.5. [9, Theorem 4.5] [E, (p) is an obstruction theory iff for any square-zero 
extension T ^ T and g : T ^ X morphism, the obstruction (f>*u;{g) G FiX.i^{g*E,J) vanishes 
iff an extension of g to T exists, and if (j)* {uj{g)) = 0, then the extensions form a torsor under 
Ext°{g*E, J) = }iom{g*h^{E), J). 

Proposition 6.6 (Properties of obstruction theories). (a) The cotangent complex Lx it- 
self is an obstruction theory if it admits a global presentation, and is perfect iff X is a 
local complete intersection. 
(b) If {Ej, is a perfect obstruction theory for Xj, j = 0,1, then (Eq S Ei,(j)QS (pi) is a 
perfect obstruction theory for Xi x X2 [9, 5.7]. 

There is an equivariant version of obstruction theory in the sense of Behrend-Fantechi [9], 
given as follows. Let X he a proper Deligne-Mumford G-stack where G is a reductive group, 
and let C/ be a free G-variety as in the definition of the equivariant Chow ring above. Let 
Ltt € Ob(L'^Coh(^ Xg U)) be the relative cotangent complex for vr : ^ — > U/G. 
An equivariant obstruction theory is a pair {E^cp) where E G Oh{D^ Co}i{X Xq U)) and (p 
is a morphism in D'' Coh{X xq U) to Lj^. We suppose that E admits a global presentation 
E-^ ^ E^. 

Example 6.7. (Examples of Obstruction Theories) 

(a) (Regular Embeddings [9]) Suppose that l : X ^ y is a regular local embedding of 
smooth Deligne-Mumford stacks. Let E be the dual to the normal complex N'^^y — t- 
L*Qy. Then E has a natural morphism to X induced by L*Qy ^Ix, making E into a 
perfect obstruction theory for X. The virtual fundamental class is the class l' [y] defined 
in Lemma 6.2. 
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(b) (Stacks of morphisms to projective schemes [9]) Let C,X be projective schemes such 
that C is Gorenstein, and Hom(C, X) the scheme of morphisms from C to X. Let 
u : C X X ^ X he the universal morphism and p : C x X ^ C the projection. Let 

E = Rp,{u*Lx (^uj) = {Rp^u*TxY. 

Then E is an obstruction theory for X, perfect if X is smooth and C is a curve [9, 6.3]. 
Indeed, by the functorial properties of the cotangent complex there is a homomorphism 

e : f*Lx — > -^^CxHom(C,V) -^CxHom(C,X)/C — '''"*-^'Hom(C,X) • 
Then e induces a homomorphism 

To prove that (j) is an obstruction theory [9, 6.3] let T be an affine scheme, g : T ^ 
Hom(C, X) a morphism, F ^ T a coherent sheaf on T, p : C x T ^ T the projection, 
andh:CxT^X a morphism. By [9, Lemma 6.1], Ext^ {h*Lx,p*F) ^ Ext^{g*E, F). 
If T is a square zero extension of T with ideal sheaf F, then g extends tog:T—^XiS 
h extends toh:CxT^X iff (/>*w(c/) is zero in Ext^(h*Lx,p*F) = Ext^ {g* E , F) . The 
extensions, if they exist, form a torsor under }iom{h*Lx-,p*F) = Ext^{g*E,F). By [9, 
Theorem 4.5], {E,(j)) is an obstruction theory. 

(c) (Stacks of morphisms to Artin stacks) The construction of an obstruction theory extends 
to the case that X is an Artin S'-stack and Horns (C, X) is replaced by a Deligne- 
Mumford substack of the stack of representable morphisms Hom^''(C, X), as long as one 
can show that Homg^(C, X) is also an Artin S'-stack and E has amplitude in [—1,0]; 
see [73, Theorem 1.1] for the extension of basic results about deformation theory of 
morphisms of schemes to the setting of stacks. That the Hom-stack Hom5(C, X) is an 
Artin stack, if C,X are, is not known in general, but holds as long as X = Y/G is a 
quotient stack for action of a reductive group G on a projective variety Y by Example 4.3 
(d) . In this case, if X is smooth than E has amplitude in —1, 0; cohomology below degree 
— 1 vanishes since T{Y/G) has amplitude in 0, 1 while vanishing in degree 1 follows from 
the assumption that the substack is Deligne-Mumford and H^[E) = Ext~"^(£', C) is the 
sheaf of infinitesimal automorphisms [73, Theorem 1.5]. 

(d) (Moduli stacks of bundles) Let C be a projective scheme and G a reductive group so 
that Hom(C, i?G) is the moduli stack of G-torsors on G. By Examples 4.1 (c) and 
4.3 (c) Hom(C, 5G) has an obstruction theory with E = {Rp^Q[l\Y where g denotes 
the trivial sheaf with fiber g. If C is a projective curve then this obstruction theory is 
perfect on the substack of irreducible bundles. In fact Hom(C, BG) is a smooth Artin 
stack and the obstruction theory coincides with the cotangent complex [85, 3.6.8]. 

(e) (Hom-stacks over stacks) Continuing 4.3 (d) Let X he a Gorenstein Deligne-Mumford 
curve over an Artin stack y an Artin stack over Z and suppose that Hom^^(Af,3') 
is an Artin stack, and Yioin^'^ {X ,y) the sub-stack of IIom2''('^, 3^) with finite auto- 
morphism group. The restriction of the relation obstruction theory to Hom^'^ {X ,y) 
is perfect. 

(f) (Moduli stacks of gauged maps) In particular, A4„ p(C, X) has a relative obstruction 
theory over 5Jtn,r(C') with complex given by {Rp*u*T{X/G)Y . 
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(g) (Moduli stacks of affine gauged maps) p(A, X) as an open subset of Hom^^ 



(A) 



((j:„,r(A),X/G) 



has a relative obstruction theory over Wn^ri-^) with complex given by {Rp^:U*T{X / G))"^ . 
(h) (Moduli stacks of stable maps, equivariant case) If a group G acts on a smooth projective 
variety X, then the moduli stack of stable maps A^g^„(X) admits an equivariant perfect 
relative obstruction theory over Mg^n as in Graber-Pandharipande [35]. 

6.5. Definition of the virtual fundamental class. Behrend-Fantechi [9] and Kresch [50] 
construct for any Deligne-Mumford stack X has an intrinsic normal cone of pure dimension zero 
C;^, defined by patching together the quotients Gij/i\^/f*TM for local embeddings f : U ^ M. 
(See [50, Theorem 1] for a correction to the argument in [9].) If {E,(j)) is a perfect obstruction 
theory with E = (E~^ E^) then the morphism (p induces a morphism of cone stacks 
Gx £^^'V£^^'°- Let Ce denote the fiber product of E"^'^ and Gx over E'^^^/E^^^. 

Definition 6.8. (Virtual fundamental classes) 

(a) (Non-equivariant case) The virtual fundamental class [X] (depending on {E,(j))) is the 
intersection of Ge with the zero section of E'^'^ in A(X). By [9, 5.3], [X] is independent 
of the choice of global resolution used to construct it. 

(b) (Equivariant virtual fundamental classes) In the equivariant case, the morphism vr : 
U xq X — )• U/G is of Deligne-Mumford type and gives an intrinsic normal cone Gx G 
Aq{X) = Aq{X XgU). One obtains a virtual fundamental class in A^{X). 

(c) (Relative virtual fundamental classes) Let f : X ^ y he a representable morphism of 
algebraic stacks, and A"^ {X — > y) the bivariant Chow group constructed by Vistoli [94]. 
If / is flat or a regular immersion, one denotes by [/] G A'^{X — )• 3^) the orientation 
class of 6.2, and by /' its action on Chow groups of Deligne-Mumford stacks. Let 
[X] £ ^dim(y)+rk(£;)('^) be the relative virtual fundamental class given by intersecting 
Ge with the zero section of E'^^'^ [9], [50]. 

Example 6.9. (a) (Stable Maps) Let X be a smooth projective variety. The moduli stack 
-^g,n,r(X, d) of stable maps of combinatorial type F is a proper Deligne-Mumford stack 
equipped with a perfect relative obstruction theory over 9Jlg,n,r and so has a virtual 
fundamental class [A4g^n,riX,d)]. 



(b) (Stable gauged maps) Suppose that M.-p^n{C, X) denotes the closure of the sub-stack 

of stable pairs of combinatorial type F. If Ai^j-{G, X) is a Deligne-Mumford substack 
(equivalently in characteristic zero, all automorphism groups are finite) then it has a 

Q Q 

virtual fundamental class [Al„ p(C, X)] G yl(Al„ p(C, X)), by Example 6.7 (f). 

6.6. Compatibility of perfect obstruction theories. As in Behrend-Fantechi [9, p. 51] 
consider a diagram of Deligne-Mumford stacks 



X' 



u 



X 



9 



f 



z' 



V 



z 
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where f : ^ ^ is a local complete intersection morphism with finite unramified diagonal 
over a stack y. Let E — > Lx and F — > Lx' be perfect relative obstruction theories for X and 
X' over 3^, respectively. A compatibility datum for E and F is a triple of morphisms in D{Ox') 
giving rise to a morphism of distinguished triangles 

u*E F ~ g*Lz'/z u*E[l] 



'^*Lx/y ^x'/y ^ Lx'/x 

We say that -E, F are compatible perfect relative obstruction theories if there exists a compat- 
ibility datum. By [9, 7.5] if E^ F are compatible perfect relative obstruction theories, and Z' 
and Z as above are smooth then v\X] = [X']. 

Example 6.10. (Cutting an edge for stable maps) Let T : F' ^ F be a morphism of graphs 
disconnecting an edge, that is, replacing an edge in F with a pair of semi-infinite edges in F'. We 
have a morphism of stacks of stable curves lUt(T) : 9Jtg,n,r' — ^ '^g,n,T obtained by identifying 
the two additional markings, and an induced isomorphism : Mg,n,T' ~^ ■Mg,n,r, except 

in the case that there exists an automorphism of a curve of combinatorial type F' interchanging 
the two markings, in which case it is a double cover. 

The stack of stable maps J^g^n,r{X) may be identified with the sub-stack of Aig^n,r'{^) 
consisting of objects with u(z„+i) = u(z„+2), where Zn+i, Zn+2 are the new markings. That is, 
we have a Cartesian diagram 

Mg,n,r{X) Mg,n,r'{X) 



X X 



where A is the diagonal embedding of X. As explained in Behrend [8, p. 8] for the case of stable 
maps, the two perfect relative obstruction theories are compatible which implies 

[Mg,n,r'{X)] = A'-[Mg,n,r{X)]. 

Indeed if F' is obtained from F by cutting an edge then we check that the obstruction theories 
are compatible over A. Consider the Cartesian diagram 

Mg,n,r'{X) — — ^ Mg,nAX) 



Tlg^n X X 



Tlg^n xX xX 



Let IT : C ^ Mg^n,riX) denote the universal curve, and let C" = A4{T , X)*C' the curve over 
■M.g^n,r'{X) obtained by normalizing at the node corresponding to the edge, with p : C" ^ C 
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the projection, and 

ev" -.C" ^X, ev.C^X 

the universal maps. So C is obtained from C' by identifying the two sections xi,X2 of C, and is 
equipped with a section x induced from xi,X2- We have a short exact sequence of complexes 
relating the push-forward on C,C", 

—7- ev* TX — )• ev* TX x^x* ev* TX — >■ 0, 

and so an exact triangle 

(33) Rtt^ ev* TX R-k'Ip* ev* TX x* ev* TX Rtt^ ev* TX[1] . 

Now if 

Er{X) := {R7r^ev*TXy 

then 

m{TyEr'{X) = (i?<'ev"'*rX)^ = (i?<y ev*TXy. 

Moreover, 

La = TX'^KMg.n.r x X), ^*La = x*ev*rJt'^. 
So we have an exact triangle 

^'*La[-1] ^M{T,X)*Er'{X) ^ Er{X) ^*La. 
This gives rise to a homomorphism of distinguished triangles 



Er(X) 



-'g,r.,r'l-^'/-'-"g,,.,r' 



^>is,r.,r(^)/™g,„,r 



A/(T)-£;r,(X)[l] 



Example 6.11. (Collapsing an edge for stable maps) Let T : F' F be a morphism of modular 
graphs given by collapsing an edge. Associated to T are morphisms of Artin resp. Deligne- 
Mumford stacks 



The inclusion of yRg^n,v{X) to 9Jtg^„^r'(^) induces an isomorphism of perfect relative obstruc- 
tion theories. As in Behrend [8], the relative obstruction theories for Adg^n,T[X),M.g.^Y'{X) 
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are related by pull-back. Indeed consider the diagram from [8, p. 15] 



All the squares are Cartesian and it follows as in [8] (see especially [8, Proposition 8], which 
uses bivariant Chow theory for representable morphisms of Artin stacks) that 

7W(T)'[Mg,„,r(X,d)] = J(T,X), Y,p[g^n,T'{X,d')] 

where 

TiT.X) ■.Mg^r.^T'iX.d') ^Mg,n,T' X^^^^^^Mg,n,v{X , d) 

is the identification with the fiber product. 

7. Gauged Gromov-Witten invariants 

The perfect obstruction theories for hom-stacks in the previous section define virtual fun- 
damental classes on the moduli stacks of stable gauged maps. The construction is similar to 
Behrend's construction" [8] of algebraic Gromov-Witten invariants, the main difference being 
that the moduli spaces are not necessarily even virtually smooth, so the splitting axiom only 
holds for Cartier divisors. We review from Gonzalez- Woodward [33] the proof that these in- 
variants define a trace on the CohFT algebra given by Givental's equivariant Gromov-Witten 
theory. We also review the construction of Abramovich-Graber-Vistoli [1] of Gromov-Witten 
invariants for orbifolds, which are needed to construct the graph potential of the git quotient 
in the case that the quotient is only locally free. 

7.1. Equivariant Gromov-Witten theory for smooth varieties. First we explain the 
construction of equivariant Gromov-Witten invariants for a smooth projective target using 
the Behrend-Fantechi machinery [9], as explained in Graber-Pandharipande [35]. We adopt 
the perspective on the splitting axiom adopted in Behrend [8]: invariants are defined for any 
possibly disconnected combinatorial type, and the splitting axiom can be broken down into 
cutting edges and collapsing edges axiom. 

Recall that a map f : C ^ X from a projective nodal curve C to a projective G-scheme X is 
stable if it has only finitely many automorphisms, that is, automorphisms of C which preserve 
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/ under composition. For class d G H2{X,7j) let ^Ag^niX,d) denote the moduli stack of n- 
pointed, homology class d, genus g stable maps to X, as in Example 4.3 (b). By Behrend-Manin 
[10], A4g^n{X,d) is a Deligne-Mumford stack equipped with evaluation maps 

ev = (evi, . . . , ev„) : Mg,n{X, d) X" 

and for 2g + n > 3 a forgetful morphism 

f : Mg^n{X,d) ^Mg^n 

obtained by forgetting the stable map and collapsing any unstable components. Furthermore, 
for any c > the union of components Mg^niX,d) with (d, [cj]) < c is proper. The G-scheme 
structure on X induces a (strict) G-stack structure on A4g^niX, d). 

The stack M.g^n{X,d) has a perfect relative obstruction theory over ^g^n whose complex is 
the dual of the derived push-forward of the pull-back of the tangent sheaf 

Rp^u*TX G Obp^ ColiaiMg^niX, d))) 

where p, u are the universal curve and evaluation map 

Cg,n{X) xgU XxgU 



Mg,n{X) XgU 

and TX the equivariant tangent bundle, that is, the relative tangent bundle for the mor- 
phism X Xg U U/G. Hence one obtains a virtual fundamental class of expected dimension 
[A4g^n{X,d)] G A'^{A4g^n{X,d)). More generally, given any (possibly disconnected) modular 
graph r a similar construction give virtual fundamental classes 

[Mg,n,r{X,d)] £A^(Mg,n,r{X,d)). 

These satisfy the following properties proved by Behrend [8], continuing Examples 6.10, 6.11: 

Proposition 7.1. (a) (Constant maps) If d = then [A4g^n,riX, d)] is obtained by cap 
product of [X X ^Ag^n,^] with the Euler class of Rp^u*TX . 

(b) (Products) If Xq,Xi are G-varieties then [^4g^n,^{XoxXl, {dQ,di))] = [M.g^n,r{XQ, do)]x 
[Mg,n,riXi,di)] 

(c) (Cutting edges) IfT:T—^T' is a morphism of modular graphs of type cutting an edge 
then 

[Mg^nri^^d') = A-[Mg,n,r{^,d)] 

where A : X ^ X x X is the diagonal. 

(d) (Collapsing edges) // T is a morphism of graphs of type collapsing an edge then 

MiT)'-[Mg^n,r'iX,d') = TiT,X), ^[Mg,nAX^d')] 

where 

TiT,X) ■.Mg,n,r'iX,d') ^Mg,n,r' Xj^^^^Mg^nA^^d). 
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(e) (Forgetting Tails) If T : T ^ V is a morphism of graphs of type forgetting a tail then 
M{T,X)-[Mg,n,r'(.X,d)] = [Mg^n,T{X,d)]. 

We now pass from Chow groups/rings to homology /cohomology with rational coefficients. 
(One can work with more general theories here, as in Behrend-Manin [10].) For any cohomol- 
ogy classes a G HGiX,Q)'^ and /3 G H(Mg^n,r,Q.) (if 2g + n > 3) pairing with the virtual 
fundamental class [Aig^n,r{X,d)] G H{M g^n,r{X,d)) defines a Gromov-Witten invariant 

{a;/3)r,d= [_ ev* aU f* /3 e H{BG). 

JlMg,„,riX,d)] 

These invariants satisfy axioms for morphisms of modular graphs: 

Proposition 7.2. (a) (Cutting edges) IfV is obtained from T by cutting an edge then 

N 

(a;/3)r,d = ^(a, 5^, 5^ AT(T)*/3)r',d 

i=l 

where {6i)^^„ {6')fL ^ are dual bases for Hg{X) over H{BG). 

(b) (Collapsing Edges) If T -.T ^ T' is a morphism collapsing an edge then 

(a;/3U7)r,d= (a; AT(T)*/3)rv' 

where 7 G H'^{Mg^n,r) is the dual class for A4{T) : A4g^n,r ■Mg^n,r'- 

(c) (Forgetting tails) // T : F — ?> F' is a morphism forgetting a tail then for a' G Hq[X), 

(a,a';7W(T)*/3)r,d = (d,Q')(a;/3)r',d' 

Proof. By Proposition 7.1, and, for the last item, integration over the fiber of the forgetful 
map. □ 

Definition 7.3. (Novikov field) The Novikov field Kx for X is the set of all maps a : H2{X) := 
H2{X, Z)/ torsion — )■ Q such that for every constant c, the set of classes 

{dGH2{X), {[uj],d)<c} 

on which a is non-vanishing is finite. The delta function at d is denoted q'^. Addition is defined 
in the usual way and multiplication is convolution, so that q'^^q'^'^ = g'^i+'^2_ 

Define as vector spaces the quantum cohomology of X 

QHg{X) :=Hg{X,Q)^Ax. 

By Proposition 7.2, 

Theorem 7.4. [8] QHg{X) equipped with the maps 

d£H2(X) 

forms a cohomological field theory after tensoring with the field of fractions of II{BG). 
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Restricting to genus zero we obtain a map 

/i" : QHg{XY X i/(Mo,n+i,Q) ^ QHg{X) 

by 

(/i"(ai, . . . ,a„;/3),ao) = ^ 5^^(00, a„; /3)o,d G Ax 

where ( , ) denotes the pairing on QHg{X) induced by cup product and integration over 
Hg{X). From the point of view of CohFT algebras, passing to the field of fractions is not 
necessary. 

A related collection of invariants is expressed as the integrals over parametrized stable maps 
to X. Let Hom(C, X, (i) C Hom(C, X) denote the subscheme of maps of class d G H2{X,7j). 
Compactifications of Hom(C, X, d) are provided by so-called graph spaces 

Mn{C, X, d) := Mg,n{C X X, (1, d)) 

of stable maps u : C ^ C x X of degree (1, d). Each stable map u = {uc,ux) : C C x X has 
a single component Co C C that maps isomorphically onto C via uc, with all other components 
mapping to points. We denote by 

(34) ev : Mn{C, X) ^ X", ev^ : AT„,(C, X) C7" 

the evaluation maps followed by projection on the second, resp. first factor. The stacks 
M.n{C, X,d) have equivariant relatively perfect obstruction theories over 93T„(C) with complex 
given by Rp^u*TX, where p : Cn{C, X) Ain{C, X) is the universal curve and u : C„(C, X) 
C the evaluation map. For any cohomology classes a G ff(X, Q)" and ^ G i?(A^„^r(C'), Q) 
pairing with the virtual fundamental class [M.n,r{C,X,d)\ G H {Ain,r{C, X , d)) defines a graph 
Gromov- Witten invariant 

(35) (a;/3)c,r,d= /_ ev* aU f* (3 G H{BG). 

J[Mnx(C,X,d)] 

These invariants satisfy axioms for morphisms of rooted modular trees: 

Proposition 7.5. (a) (Cutting edges) IfV is obtained from T by cutting an edge then 

N 

(a;/3)c,r,d = 5^(a,5i,5^MT)*/3)c,r',d 
1=1 

where are dual bases for Hg{X) over H{BG); 

(b) (Collapsing Edges) IfT:T^T'isa morphism collapsing an edge then 

(a;/?U7)c,r,d= J] (a; 7W(T)*/3)c,r',d' 

where 7 G H'^{Mn,r{C)) is the dual class for M{T) : Mn,r{C) -> MnT'{C). 

(c) (Forgetting tails) // T : F — )> F' is a morphism forgetting a tail then for a' G Hq{X), 

(a,a';AT(T)*/5)c,r,d = {d,a'){a- I3)cr 4' 
Proof. The proof is similar to Proposition 7.2 and omitted. □ 
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Define 

(36) tI : QHciXr x H{Mr,{C)) ^ C5 H{BG), (a,/3) ^ ^ 

d 

Theorem 7.6. The maps {Tx)n>o define a CohFT trace on the CohFT algebra QHg{X). 
Proof. By Proposition 7.5 (a) and (b). □ 

7.2. Gromov-Witten theory for smooth Deligne-Mumford stacks. We review the orb- 
ifold Gromov-Witten theory developed by Abramovich-Graber-Vistoli [1], needed in our case 
if the geometric invariant theory quotient X//G is an orbifold. For simplicity, we restrict to 
the case without group action. 

Let X he a proper smooth Deligne-Mumford stack. The moduli space of twisted stable maps 
-^g,n(<^) discussed in Section 4.4 has a canonical perfect relative obstruction theory given by 
Rp^u*Tx where p, u are the universal curve and evaluation map 

Cg^ni^) ^ X 

p 

The moduli stack of twisted stable maps admits evaluation maps 
where the second is obtained by composing with the involution 

(37) ^ 

induced by the map /i^ — > /^nC ^ C~^- Of course these can be mixed by assigning signs to 
the marked points. The virtual fundamental classes satisfy splitting axioms for morphisms of 
modular graphs, in particular, for cutting an edge in which case one of the evaluation maps is 
taken to be with respect to opposite signs on the pair of marked points created by the cutting. 
Given a homology class d € -ff2('^)Q)) let Mg^n(X,d) denote the moduli stack of stable maps 
to X with class d. 

Proposition 7.7. ( [1, 5.3.1,5.3.2] The virtual fundamental class [^AT,n{X , d)] satisfy the 
splitting axioms for morphisms of modular graphs: 

(a) (Cutting edges) IfT:T—^T' is a morphism of modular graphs of type cutting an edge 
then 

g{T,xy[Mg,n,r'{X,d') = A'-[Mg,nH^,d)] 

— —2 

where g{T,X) is the map of (23) and IS.: Ix ^ Ix diagonal. 

(b) (Collapsing edges) If T is a morphism of graphs of type collapsing an edge then 

M{T)'■\Mg,r^A^,d')=y{T,X), Y,\M9,n,T{^,d')] 

d^d' 
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where 

is the identification with the fiber product. 

Orbifold Gromov-Witten invariants are defined by virtual integration of pull-back classes 
using the evaluation maps above. Define Gromov- Witten invariants 

(38) H(Ixr+ X H(Ixr- X H(Mg,n) ^ Q, 

(q;+, a_, /?) 1-^ (a+, a_, /3)r^rf = / ev* a+ U ev*a_ U /*/3. 

Any copy of the cohomology of H[Ix) = H{Ix) can be put on the right hand side by duality; 
however in order for the splitting axiom to hold one needs to add a factor of r arising from the 
fiber of Ix ^ Ix- 

Proposition 7.8. [1, 6.1.4] The orbifold Gromov-Witten invariants satisfy for the following 
properties: 

(a) (Duality) for ai, . . . , a„ € H{Ix,Q) a duality axiom 

{ai,...,an,/3)r,d = ("i, • • • , "n, /3)r,d 

(b) (Collapsing an edge) If T : T ^ V is of type collapsing an edge then for any labelling 
d' ofV, _ 

(a;/3U7)r',d'= (a; A^(T)*/3)r,d 

where 7 is the dual class to M{T). 

(c) (Cutting an edge) // T' is obtained from T by cutting an edge then 

(a;/3)r,d = ^(a,5fc,5^AT(T)*/?)r',d 
k 

where Sk,S^ are dual bases of H{Ix) with with respect to the inner product given by 
{[Ix],'f-) where r : Ix ^ Z>o is the order of the isotropy group. 

The definition of orbifold Gromov-Witten invariants leads to the definition of orbifold quan- 
tum cohomology as follows. 

Definition 7.9. (Orbifold quantum cohomology) To each component Xi of Ix is assigned a 
rational number age(A'j) as follows. Let (x, g) be a point in Xi. The element g acts on T^X with 
eigenvalues (ai, . . . , a,„ with n = dim(^). Let r be the order of g and define Sj G {0, . . . , r} by 
aj = exp(27risj/r). The age is defined by 

n 

age{Xi) = (l/r)^Sj. 

i=i 

Let Ax C aom{H2{X, Q), Q) denote the Novikov field of linear combinations of formal symbols 
q'^,d G H2{X,Q) where for each c, only finitely many q'^ with (d, [cj]) < c have non-zero 
coefficient. Let 

QHiX) = H(Ix) ^ Ax 
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denote the orbifold quantum cohomology equipped with the age grading 

Theorem 7.10. The orbifold Gromov-Witten invariants define the structure of a CohFT on 
QH[X), in particular, a CohFT algebra structure on QH[X) and the graph invariants define 
a trace on QH{X). 

Proof. This follows from the splitting axiom (7.7), and the analogous splitting axiom for the 
graph invariants whose proof is similar. □ 

7.3. Twisted Gromov-Witten invariants. We also describe twisted versions of Gromov- 
Witten invariants arising from vector bundles on the target, see for example Coates-Givental 
[17]. Under suitable positivity assumptions, these invariants are equal to the Gromov-Witten 
invariants of hypersurfaces defined by sections. 

Definition 7.11. (Twisting class and twisted Gromov-Witten invariants) Let be a G- 
equivariant complex vector bundle over a smooth projective G- variety X. Pull-back under 
the evaluation map e : Cg^n{X) X on the universal curve gives rise to a vector bundle 
ev* E Cg^n{X), which we can push down to an index 

IndG(E) := Rp*e*E 

in the derived category of bounded complexes of coherent sheaves on Aig^niX). Since p is a 
local complete intersection morphism, IndG'(£') admits a resolution by vector bundles, see [17, 
Appendix], and we may consider the equivariant Euler class 

e{E) := EulGxCx(IndG(ii;)) G HG(Mg,n{X)) ® Q[C,C^] 

which is invertible in HG{Mn,r{X),Q) (8) Q[Ci C~^]) where C is the parameter for the action of 
by scalar multiplication in the fibers. The twisted equivariant Gromov-Witten invariants 
associated to E ^ X and type T are the maps 

(39) HciXy^ X H(Mg,n,r) ^ Hcipt, Q) Q[C, C^'] 

{a;/3)r,E,d= f_ ev*aUf*f3Ue{E). 
J[M„,t{C,X)] 

Proposition 7.12. The twisted invariants satisfy the properties: 

(a) (Collapsing an edge) If T : T ^ T' is of type collapsing an edge then for any labelling 
d' ofV, 

(a;/5U7)r',d',i? = (a; MTr)*/3)r,d,E 

where 7 is the dual class to 

(b) (Cutting an edge) // T : P — )■ F' is of type cutting an edge then 

(a; P)vAE = U EuIgxcx {E),6'';M{Ty(3)r',d,E. 

k 
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(c) (Forgetting a tail) // T : F — )• T' is a morphism forgetting a tail, which corresponds to 
the last marking Zn then for a' € Hq{X), a G Hg{X)'^^^ , 

{a,a';M{V*f^)rAE = {d,a'){a; p)r',d',E 

Proof. We discuss only the cutting-edge axiom; the rest are similar to those in the untwisted 
case . With notation as in (33), in particular with p : C ^ C the normalization and x the 
section given by the node corresponding to the cut edge, the short exact sequence of sheaves 

0^ E ^ p*p^E x*x^E 

which gives rise to an exact triangle in the derived category of bounded complexes of coherent 
sheaves 

Rtt^ ev* E Rt^'Ip* ev* E ^ x* qy* E ^ Rtt^ ev* E[l]. 

This implies that 

ir',r Ind(S) ^ Ind(E) E. 
Taking Euler classes gives the result. □ 

Define 

Qi^GxCx {X, Q) = QHg{X, Q) Q[C, C"'] 
and define twisted composition maps 

by 

(/x|"(ai, . . . ,Q„;/3),ao) = ^ g'^(ao U Eul^xcx (^); • • • ; "n; 

Discussion of twisted composition maps can be found in e.g. Pandharipande [78]. 

Theorem 7.13. (Equivariant twisted Gromov-Witten invariants define a CohFT algebra) 
Suppose that X is a smooth projective G-variety, and E ^ X be a G-equivariant vector bundle. 
The datum {QHgxc^ {X,Q), {fi^^'^)g^n>o) form a CohFT algebra, denoted QHg{X, E). 

We leave it to the reader to check that inserting the Euler class €{E) into the definition of 
the graph invariants (35) yields a twisted trace tx,e ■ QHg{X, E) — > Ax generalizing Theorem 
7.6. 

7.4. Gauged Gromov-Witten invariants. In this section we define gauged Gromov-Witten 
invariants. As in Behrend [8], invariants are defined for any possibly disconnected combinatorial 
type, and the splitting axiom can be broken down into cutting edges and collapsing edges axiom. 
However, the definition for disconnected type requires an additional datum, of an assignment of 
each non-root component to a semi-infinite edge of a root component. This is because the non- 
root components have associated moduli spaces with equivariant virtual fundamental classes, 
while the root component has a non-equivariant virtual fundamental class. These combine to 
give a virtual fundamental class on the fiber product of the components over BG. 

Let X be a smooth projective G-variety. For any rooted tree F and homology class d G 
H2'{X, Z) we denote by r(^' X, d) the moduli stack of maps of combinatorial type F. 

Definition 7.14. (Virtual fundamental classes for moduli stacks of gauged maps) 
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(a) (Combinatorial type with a single vertex) We already remarked in Example 6.7 that 

Q 

if 7W„ (C, X) is a Deligne-Mumford stack, then it has a perfect obstruction theory, 
given by the dual of the derived push-forward of the pull-back of the tangent com- 
plex {Rp^u*T{X/G)Y where p : C„(X, d) — > d) is the universal curve, u : 

Q 

C^{X,d) — > X/G the universal stable gauged map, and T{X/G) the tangent complex 
to X/G. Hence one obtains a virtual fundamental class of expected dimension 

(b) (Connected combinatorial type) More generally, given any connected rooted tree F we 

denote by A1„ p(C, X, d) resp. A^„ r {C,X,d) the moduli stack of polystable gauged 
maps resp. with framings at the markings of combinatorial type V. Under the as- 
sumption that (C, X, d) is Deligne-Mumford, the action of G" on A4„ p (C, X, d) is 
locally free. The same construction gives a virtual fundamental class 

\Af^^AG,X,d)] G A{M^^^^{G,X,d)) - ^G"(7w5r (C,X,d)). 

(c) (Disconnected combinatorial type) Suppose F = Fq U . . . U F; with Fq containing the 
root vertex is given the additional data of a map from the non-root components to the 
root edges: Suppose that F = Fq U Fi U • • • U F; is a disconnected rooted H2{X,Z)- 
labelled graph such that Fj has semi- infinite edges Ij, and for each j = 1, . . . , / is given 
a semi- infinite edge e{j) of Fq. We denote by 

M5/(C,X,d) = (M^;,%^{G,X,do) X n>^o,n,r,(X,c?,))/G"° 

i=i 

where the action of the i-th factor in G"" acts at the i-th framing on the principal 
component, and diagonally on the components corresponding to Tj with e{j) = i. We 
have virtual fundamental classes 

[7W^„,r„(C,X,do)] G^(A^?o,ro(C^>^>^)) =^G"o(7^S!r„( 

and so a virtual fundamental class 

[MlAG,X,d)] = Ud=do+...+d,[M^troiC,X,do)] x l[[Mo,n,r,{X,d,)] 

i=i 

in 

AG^o(M^X(C,X,d) X l[Mo,n,{X,d,)) ^ A{jfJ{G,X,d)). 

3 

These classes satisfy the following properties [8]: 

Q 

Proposition 7.15. (a) (Constant maps) If d = and genus(C) = then A^p ni^^ X, d) = 
{X//G) X Mr,n{C) and {M'^^^iG, X,d)] = [X//G x AT„,p(C)]. 
(b) (Products) //Xq, Xi are G-varieties then p (C, XqxXi, {do, di))] = [A^„_p(C, Xq, do)] x 
[M^^r{C,Xudi)] 
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(c) (Cutting edges) // V is obtained from T by cutting an edge then (with the obvious 
labelling of the additional component) [M.„ ]-{C, X,d)] = A'[Al„+2 T'CC*, -'^i d)]- 

(d) (Collapsing edges) IfT : F' — > F is a morphism collapsing an edge then A4{T)'[m'^j-(C, X, i 
is the push-forward 0/ ^rf/^^rf[-A4n,^'(C', -'^i d')] under 

T{T, X) : Jf^^r. iC X, d') ^ A1„,r' (C) x^^^^^^^ A1?,r(C, X, d). 

(e) (Forgetting tails) // T : F — )> F' is a morphism forgetting a tail then 

M{T)'\M^^AC.X,d)] = \A^^^{C,X,d)]. 

Proof. The items (a), (b) and (e) are similar to the ordinary Gromov-Witten case consid- 
ered in Behrend [8] and left to the reader. For a morphism T cutting an edge for gauged 

Q 

maps, recall from Proposition 5.21 that A^„p(C, X) may be identified with the fiber product 
'M^^Y,{C,X) X(x/G)2 {X/G) over the diagonal A : {X/G) {X/Gf. We denote by 

M{T,X) -.M^^^iCX) ^M^,y,{C,X) 

the resulting morphism. We check that the obstruction theories Ey-i and Ey are compatible 
over A. Let C denote the universal curve over Al„p(C, X), similarly for C' and F'. Let C" = 

A^(T, X)*C' be the curve over M.^ y'{^^ ^) obtained by normalizing at the node corresponding 
to the edge, with f : C" ^ C the projection and e" : C" — > X/G, e : C — )■ X/G the universal 
maps. So C is obtained from C" by identifying the two sections xi,X2 of C', and is equipped with 
a section x induced from xi,X2- The short exact sequence of complexes of coherent sheaves 

^ e*Tx/G ^ f*re*Tx/G ^ x,x*e*Tx/G ^ 
(viewing Tx/g ^ two-term complex) induces an exact triangle in the derived category 

Rp*e*Tx/G ^ Rvlre*Tx/G ^ x*e*Tx,G ^ Rp.e*TxiG[l]- 
We have relative obstruction theories with complexes 

Er := {Rp,e*Tx,G)\ MiT^XfEr' = {Rple'^Tx/GY = {Rp'tfe^Tx/Gr- 

Note that {x*e*Tx/Gy = iP*La, where A : {X/G) — > [X/G)"^ is the diagonal and is evalua- 
tion at the node. We have an exact triangle 

e*LA[-l] ^J^{T,xyET' ^Er^ cUa- 
This gives rise to a morphism of exact triangles 

3vf(T,X)*£;p, «- Er e*LA ► 



M{T,X) L-^G^^^p^^^^— ^ ^^jp^ ^ -^A1^p(C,X)/iD!„ p(C) 



By compatibility, the virtual fundamental classes are related by [A7^p(C, X)] = A'[A^^p/(C, X)]. 
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For collapsing an edge for gauged maps, let T : F' — )• T be a morphism of rooted graphs 
given by collapsing an edge. Associated to T are morphisms of Artin resp. Deligne-Mumford 
stacks 

M(T) : M„,r(C) ^ M„,r(C), M{V : Mn,r'iC) ^ Mn,r{C). 
The first is a regular local immersion, and so defines a class in the bivariant Chow group 
[M(T)] E A^{Mn,r{C) Mn,r(C)). As in Behrend [8], the relative obstruction theories for 

Q 

A1„ p(C, X), p/(C, X) are related by pull-back. Indeed consider the diagram analogous to 
[8, p. 15] in Figure 16. Because all the squares are Cartesian, it follows as in [8] that 




Mn,r'{C) ^M^^^^c) 3?tn,r(C) 



Mn,r{C) 



MlAC,X,d) 



93T„,r(C) 



Mn,T{C) 



Figure 16. Diagram for collapsing an edge 



m{T)\MZ^{C,X,d)]=F{T,X%y\MlAC,X,d')] 



as claimed. 



n 



We now pass to homology /cohomology. (Of course one could consider the quantum Chow 
ring etc.) Pairing with the virtual fundamental class gives a map 



:F(K(C,X),, 



Evaluation at the marked points gives a morphism 



ev:A^^(C,X) ^ (X/G)", (P, C, t., zi, . . . , z„) ^ {z*P,u o Zj)"]^^. 
Forgetting the bundle and curve and collapsing any unstable components defines a forgetful 

Q 

morphism from Proposition 5.19 / : M^ {C,X) — > A1„(C). 



Definition 7.16. (Gauged Gromov-Witten invariants of a given combinatorial type) 
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(a) (Invariants for a tree with a single vertex) The gauged Gromov- Witten invariants asso- 
ciated to X are the maps 

Hg{X, Qr X H(Mn{C),q) ^ Q, (a, /3) ^ (a, /3)rf 

{a;(3)d := f ev* a U /*/?. 

J[^^(C,X,d)] 

(b) (Invariants for a connected tree) Invariants for a connected rooted i?2'(^i ^)"l^t)elled 
tree F and G-equivariant vector bundle E ^ X are defined as follows: let (a, /3) £;,r,d £ Q 

Q 

defined by integration of ev* a U /*/? U e{E) over the moduli stack M.^ p(C, X) of stable 
gauged maps of combinatorial type T. 

(c) (Invariants for forests) Invariants for possibly H2 {X,!^)^^!^)^^^^ rooted forests are de- 
fined as follows, given the additional data of a map from the non-root components to 
the root edges: Suppose that F = To U Fi U • • • U is a rooted H2{X, Z)-labelled forest 
such that each tree Tj has semi-infinite edges Ij, and for each j = 1, . . . ,1 is given a 
semi- infinite edge e(j) of Fq. We define gauged Gromov- Witten invariants for F by fiber 

Q Q 

integration over the map A1„p(C, X) — )• TW^^ (C, X) whose fibers are moduli stack 
of stable maps of type Fj for j > 0: set 

{a;P)r,d ■= {{a'j)j€io;P)To,do 
where for each semi-infinite edge i of Fq 

"^=11 ((ae)ee/,,/5e)r,,dj 

\i=eU) I 

using the H{BG)-m.od\Ae structure on Hg{X), where /3j G H{Mnj,Tj{C)) is the com- 
ponent of /3 in the decomposition Mri,T{C) = Wj ■Mnj,Tj{C)■ 
Remark 7.17. It is not possible to define invariants for forests (as opposed to trees) as purely a 
product over the tree components, since the non-root components resp. root component defines 
invariants with values in H{BG) (E> resp. A^. 

These invariants (with or without cohomological twisting) satisfy axioms for morphisms of 
rooted trees: 

Proposition 7.18. (a) (Cutting edges) IfV is obtained from F by cutting an edge then 

dim{H{X)) 

{a;f3)r,d= ^ {a,5,,6'-M{V*f^)r',d 

i=l 

where 6i,6^ are dual bases for Hg{X) over H{BG); 
(b) (Collapsing edges) // T : F — >■ F' is a morphism collapsing an edge then 

(a;/3U7)r,d= (a; AT(T)*/3)rv' 

d'^d 

where 7 G H^{Mn,r{C)) is the dual class for M{T) : Mn,r{G) -> Mn,r'iC). 
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(c) (Forgetting tails) IfT -.T^T'isa morphism forgetting a tail then for a' € HQ{X),a € 

HGixr-\ _ 

Proof. By Proposition 7.15. □ 

Definition 7.19. Denote by the equivariant Novikov field for X, the set of all maps 
a : H2{X) := H2{X,'L)/ torsion Q such that for every constant c, the set of classes 

{d(iH^{X), {[ux,G],d) <c] 

on which a is non- vanishing is finite. Addition is defined in the usual way and multiplication 
is convolution. 

From now on, we denote by QHg{X) = Hq{X) ^ A^ the quantum cohomology over the 
Novikov field A^. Summing over equivariant homology classes gives a map 

r£„ : QHaiXr x H(Mn{C)) ^ A^, ^ q''{a,f3)d. 

d&H§(X,Z) 

By Proposition 7.18, 

Q 

Theorem 7.20. If Jv[^[C,X) is a Deligne-Mumford stack (that is, if stahle=semistahle) then 
the maps (T^„)n>o form a trace on the CohFT algebra QHc{X). 

Twisted gauged Gromov-Witten invariants are defined as follows. 

Definition 7.21. (Twisting class and twisted gauged invariants) Let E X he a G-equivariant 
complex vector bundle, inducing a vector bundle on X/G. Pull-back under the evaluation map 

e : C„ (C, X) — )• X/G gives rise to a vector bundle e*E ^ (C, X), which we can push down 
to an index complex 

Ind(^) := Rp^e*E 

Q 

in the derived category of bounded complexes of coherent sheaves on A^„(C, X). As in [17, 
Appendix], Ind(£') admits a resolution by vector bundles and we may define the -equivariant 
Euler class 

e{E) := Eulcx (Ind(£;)) G HaiM^iC, X)) Q[C, C"'] 
where C is the parameter for the action of by scalar multiplication in the fibers. The twisted 
gauged Gromov- Witten invariants associated to E ^ X,C are the maps 

(40) HciXr X H{Mn{C)) ^ Q[C, C"'], 

(a, /?) ^ (a, P)t,e4 = ev* a U U e(^) . 

J[MrAC,x,d)] 

Example 7.22. Recall that in the case that X is a vector space, G is a torus, and is a 

Q 

vector bundle corresponding to a Calabi-Yau hypersurface in X//G, A4 (C, X) is the toric 
variety X(d) of (30). Integrals over toric varieties may be computed via residues, as in for 
example Szenes-Vergne [87]. Some sample computations are computed in Morrison-Plesser [64, 
Section 4] , who made contact with the Gelfand-Kapranov-Zelevinsky theory of hypergeometric 
functions. We return to this case in Example 9.21. 
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8. Quantum Kirwan morphism and the adiabatic limit theorem 

In this section we explain how to "quantize" the classical Kirwan morphism Hg{X) 
H{X//G) in order to obtain a morphism of CohFT algebras from QHg{X) to QH{X//G). 
The existence of such a morphism was noted under "sufficiently positive" conditions on the 
first Chern class in Gaio-Salamon [29]. The quantum Kirwan morphism relates small quantum 
cohomologies under suitable positivity assumptions. We also give a partial computation of the 
quantum Kirwan map in the toric case. 

8.1. Affine gauged Gromov-Witten invariants. We first define gauged affine Gromov- 
Witten invariants by integrating pull-back and universal classes over the moduli stack of affine 
gauged maps. As in Behrend [8], we separate the splitting axiom into a cutting edges and 
collapsing edges axiom. The main difference with Behrend [8] is that one cannot cut an arbitrary 
edge and still have a colored tree if the edge separates some of the colored vertices from the root 
edge and not others, so there is a new cutting edges with relations axiom which cuts several 
edges at once. There is also a difference in the collapsing edges axiom: because the source 
moduli space A^„^i(A) is not smooth, not every boundary divisor is Cartier and so there is a 
new collapsing edges with relations axiom which holds for combinations of boundary divisors 
that are Cartier. 

In this section X is a smooth polarized quasiprojective variety such that the git quotient 
X//G is a (necessarily smooth) Deligne-Mumford stack. To define virtual fundamental classes, 
note that JV[^^{K,X) admits a forgetful morphism to ^^^{K) (where the superscript tw 
indicates that we orbifold structures at the nodes with infinite scaling, in the case that X//G 
is only locally free) and to A4„,i(A), the latter collapsing components that become unstable 

after forgetting the morphism to X/G. M.^ ^{K, X) has a canonical perfect relative obstruction 

st 

theory over the stack of not-necessarily-stable scaled marked curves i(-'^); whose complex is 

Q 

dual to the push-forward of u*T[X/G) over the universal curve over ^^(A, X) from Example 
6.7. 

Definition 8.1. (Virtual fundamental classes for affine gauged maps) 

(a) (Virtual fundamental class for a colored tree with a single vertex) The construction in 
[9, Chapter 7] gives a virtual fundamental class i(A, X, d)] € j4(A^„ ]^(A, X, d)). 

(b) (Virtual fundamental class for a connected colored tree) More generally, for any com- 
binatorial type of colored tree T we have virtual fundamental classes 

[A^?,i,r(A,X,d)] G A(AT^,i,r(A,X,d)). 

(c) (Virtual fundamental class for a disconnected colored forest) Suppose that T = ToU. . .U 
Ti with To a possibly disconnected union of components each with at least one colored 
vertex, and Ti, . . . ,r; connected components with Vert(rj) C Vert'^(r). Suppose that 
for each component Tj we are given an non-root edge e(j) of Fq. We denote by 

/ 

M^]l{A,X,d)) ■.= Ud =do+...+di A^„^ rj,(A,X,do) xg"o YlMo,n,rj{X,dj) 
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the fiber product determined by the mapping e above. We have virtual fundamental 
classes 

given the product of virtual fundamental classes of the components and equivariant 
virtual fundamental classes 

These give a virtual fundamental class 

I 

[MS^AKX,d)] = Ud=do+...+ci,[j€froi^,X,do)] X l[[Mo,n,r,{X,dj)] 

in 

AGno(M^;!^roi^,X,d) X llMo,n,iX,dj)) ^ A(M^;f{A,X,d)). 

j 

Note that it is not possible to define the virtual fundamental classes without the addi- 
tional labelling, since the virtual fundamental classes for the components Tj are equi- 
variant while that for Tq is not. 

These classes satisfy the following properties: 

Proposition 8.2. (a) (Collapsing edges) IfV is obtained from T by collapsing an edge and 
T : r — 7- r' is the corresponding morphism of colored trees then 

where 

J(T,X) : 7wJ,i,r'(A,X,d') ^A^n,i,r'(A) x-^^^ ^ ^^^^ A^J^^ ^(A, X, d) 

is the identification with the fiber product; 

(b) (Collapsing edges with relations) IfTo, . . . ,Tr are obtained from T by collapsing edges 
with relations and T : Fq U . . . U ^ T is the corresponding morphism of colored trees 
so that U[^]^9Jl„ p. (A) Tl^i ^'i^) regular local immersion (that is, is a Cartier 
divisor) then 

m{V'[Mn,i,r{^,X,d)] = T{T,X), [Mn,i,ri^,X,d)]. 

dh-^d' ,i=l,...,r 

(c) (Cutting edges or edges with relations) // T : F — )■ F' is a morphism of trees of type 
cutting an edge or edges with relations then 

g{T,XUM^,^^,{A,X,d')] = A'-[M^;fiA,X,d)] 

where A : Ix/g ~^ ^jF/g diagonal and g{T,X) is the gluing morphism in (31). 

(d) (Forgetting tails) If T : T V is a morphism forgetting a tail then 

M{V-[Mlr'{^,X,d)] = [M^^r{A,X,d)]. 
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Proof. Cutting an edge is similar to the case of gauged maps from projective curves covered 
in Proposition 7.15 and omitted. For collapsing an edge, Let T : T' — )• F be a morphism 
of edge-rooted colored trees given by collapsing an edge connected vertices of the same color. 
Associated to T are morphisms of Artin resp. Deligne-Mumford stacks 

M(T) : ,r'(A) ^ Ml™i,r(A), M{T) : AT„,i,r'(A) ^ AT„,i,r(A). 
The first is a regular local immersion, and so defines a class in the bivariant Chow group 

Q Q 

As in Behrend [8], the relative obstruction theories for i p(A, X),M^ ^ r'(A, X) are related 
by pull-back: 

M(T)'[7W^,i,r'(A,X,d')] =^(T,X), j;[7W^,i,r(A,X,d)]. 
Indeed consider the diagram analogous to [8, p. 15] 
U,,^rfAT^^i_r'(A,^,d') A^n,i,r'(A) x^^^^_^(^) 7W^,i_r(A, X, ^i) ^ j4^^,^r{A,X,d) 




Because all the squares are Cartesian, it follows as in [8] that 

(41) M(T)![A1?,i_r'(A,X,d')] =^(T,X), 5][AT^,i,r(A,X,d)]. 

d^d' 

For collapsing several edges, let Fq, . . . , F^ be colored trees obtained from F by collapsing edges 
by morphisms Ti, . . . , T,. so that U[^]^9H„ i r^CA) — >■ 9Jt„ i r'(A) is a regular local immersion 
(that is, is a Cartier divisor). Then 

M(T)'[7W^,i,r'(A,X,d')] = J=(T,X), j;[A7^,i,r(A,X,d)] 

d^d' 

by the same argument as in the previous example. The last item is left to the reader. □ 
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To define invariants, note that evaluation at the marked points defines a map 

ev X evoo : Mn,ii^, X) ^ {X/GT x 1x//g- 

By integration over the moduh stacks of afiine gauged maps we obtain affine gauged Gromov- 
Witten invariants defining the quantum Kirwan morphism of CohFT algebras from QHg{X) 
to QH{X//G). 

Definition 8.3. (Affine gauged Gromov-Witten invariants) 

(a) (Invariants for a connected colored tree) The affine gauged Gromov-Witten invariants 
for a connected colored tree T are the maps 

(42) HaiXr X H{X//G) x //(M„,i(A)) ^ Q, 

(a, Qoo,/3) iH- (a;aoo;/3)r,d := / ^ ev* a U /*/3 U ev^ aoo- 

(b) (Invariants for a colored forest) Invariants for possibly disconnected H2 {X,'L)-\ahe\Qd 
colored forests are defined as follows, given the additional data of a map from the 
non-root components to the root edges: Suppose that T = Tq U Fi U • • • U is a 
disconnected colored H2 {X ^W^j-laheWGd tree such that each component of Fq has at 
least one vertex in Vert'^(F) or Vert^(F), for j > 1 the tree Vj has semi-infinite edges 
labelled Ij, and for each j = is given a semi-infinite edge e{j) of Fq. Let 
Edge(F) = Edge'^(F) U E'°°(F) denote the partition corresponding to nodes mapping 
to X/G or Ix//Gj t^^^'t is, edges connecting Vert°(F) with Vert°(F) U Vert^(F) or edges 
connecting Vert^F) U Vert°°(F) with Vert°°(F) as in Remark 2.29. We suppose that 
we have a labelling of the semi-infinite edges by classes ctg € Hq{X), e € Edge'^(F) and 
«£ € H{Ix//g)j^ ^ Edge°°(F). We define gauged Gromov-Witten invariants for F by 

Q Q 

fiber integration over the map 7W„p(A, X) — )• 7W„pPq(A, X) whose fibers are moduli 
stack of stable maps of type Tj for j > 0: set 

{a;p)r,d ■= ((a^Oje/o! /3)ro,do 
where for each semi-infinite edge i of Fq connecting to a vertex in Vert'^(Fo) or Vert^ (^o). 



a' 



i=e{i) 



using the H{BG)-inodule structure on Hg{X), where (3j € H{^4nj,^j {^)) is the Kiinneth 
component of /3 in the decomposition Ain,r{^) = -^rij.Fj (A). 

(Twisted affine Gromov-Witten invariants) Twisted invariants a; f3)r,d,E associated to 
G-equivariant vector bundles E ^ X are defined by inserting Euler classes of indices 
e(-E') into the integrands. 



The properties of the affine Gromov-Witten invariants are similar to those for the projective 
case: 
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Proposition 8.4. (a) (Collapsing an edge) If V is obtained from T by collapsing an edge 
then for any labelling d' ofV, and A^(T) : Al„;^p(A) A^^;^p,(A) has dual class 7 
then 

(a; /? U i)r,d',E = ^(^)*/3)r',d,E 

(b) (Collapsing edges with relations) More generally, if Tq, . . . ,Tr are each obtained from 
r by collapsing edges with relations and T : To U . . . U — > T is the corresponding 
morphism of colored trees so that 

(43) uLiA7*Ci,r,(A)^ATl™,r'(A) 

is a regular local immersion (that is, is a Cartier divisor) with dual class 7 then 

{a;^U-f)r',d',E = XI («; '-f,,r/5)r,,<i,£; 

di—^d',i=l,...,r 

where 7 is the dual class to 9Jl(T), ij. p the components of (43). 

(c) (Cutting an edge) // V is obtained from T by cutting an edge or edges with relations 
then 

(a; /3)r,d,B = 5^ (a, Sk U Eul^xcx (E), S'';M{V* P)r'AE 

k 

where {6k),{6''),k = 1, . . . ,dim.{H{I^^^^)) are dual bases for H{I'^^^^) resp. Hg{X) if 

the cut edges lie in Edge°°(r) resp. Edge'^(r). 

(d) (Forgetting a tail) // T : F — ?> F' is a morphism forgetting a tail then 

{a,a';MiTr/3)r,d,E = {d,a'){a; f3)r',d,E 
where {d,a') is the pairing between d G H§{X,Q) and a' G H^{X,Q). 

Proof. By Proposition 8.2; the cutting edges case follows from an integration over the fiber 

Q Q 

Mn^i'{A,X) — > Mn^Yoi^^-^) ^^^^ fibers YljyQMo^n,rj{X)/G. The collapsing edges and for- 
getting tails properties are left to the reader. □ 

8.2. Quantum Kirwan morphism. In this section we use the affine gauged Gromov-Witten 
invariants to define the quantum Kirwan morphism from QHq{X) to QH{X//G). For simplic- 
ity, we restrict to the case E trivial, that is, the untwisted case. 

Definition 8.5. (Quantum Kirwan morphism) Suppose that X is a smooth polarized projec- 
tive G-variety or a vector space with a linear action of G and proper moment map such that 
the git quotient X//G is a Deligne-Mumford stack, so that the moduli stacks 7V4„(A, X) are 
proper Deligne-Mumford stacks. The quantum Kirwan morphism is the collection of maps 

4'" : QHg{XT X H{Mn,i{A)) ^ QH{X//G),n> 

given by pull-back to !M^i(A, X) and push-forward to X//G, that is, for a G Hg{X)'"' ,aoo G 
HG(ix//G),P (^H*(MnM)) let 

(K^'"(a,/3),aoo) = X q'^{a;aoo;P)d 

d&H^{X,Q) 
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using Poincare duality; the pairing on the left is given by cup product and integration over 
Ix//G- Define h^q € ff*(A^n,i(A)) similarly, by integrating the unit. 

Theorem 8.6. The collection = (K^'")n>o satisfies the axioms of a morphism of CohFT 
algebras. 

Go H 
Proof. Note that k-^ has contributions with coefficients q with (d, w) > 0, by the stability 

condition. It follows that the sum on the right-hand-side of (11) is finite modulo terms with 

coefficient q"" and higher, for any a G R. The equation (11) now follows from parts (a)-(c) of 

Proposition 8.4. □ 

Remark 8.7. (a) (Equivariant quantum Kirwan morphism) If the action of G extends to an 
action of a group G containing G as a normal subgroup, there is a map 

QH^{Xr X H{mI,{KX)) ^ QH^^^{X//G) 

defined by the same formula. After extending the coefficient ring of QHqiq{X//G) from 
^x//G to have a morphism of CohFT algebras 

(44) (4''''")n>o : QHaiX) ^ QH^/^{X//G). 

(b) (Flatness of the quantum Kirwan morphism in the positive case) Suppose that cf (X) 
is semipositive in the sense that {c'{{X),d) > for the homology class d of any gauged 
affine map. In this case, the "quantum corrections" in any Hj^'"'{ai , . . . , On) are of degree 

G 

at most deg(Q;i) + . . . + deg{an) + 2 — 2n. In particular, the element k-^' (!) can be 
written as the sum of elements of degree and 2 with respect to the grading induced 
by the grading on H{Ix//g)- If c:i{X) is positive, then the dimension count shows that 
K^'^ is an element of degree in H{Ix//g)i times an element of A^, that is, a multiple 
of the point class. If (cf(X),d) is at least two, whenever {d,[u)x,G\) > 0, then 
vanishes. 



We end this section with a partial computation of the quantum Kirwan morphism in the 
toric case. Suppose that X = C'^ is a vector space equipped with a linear action of a torus 
G with Lie algebra g and weights fii, . . . ,fik £ 0^ in the sense that G acts on the j'-th factor 
by the character exp(;Uj). We denote by (5 = (C^)'^ the torus acting on X, and vi,. . . ,Vk the 
coordinates on the Lie algebra q so that 

QH^{X) = Q[vi,...,Vk](^A^. 

However, for the purposes of this section it suffices to tensor with the G-equivariant Novikov 
field A^. The inclusion G — t- (5 induces a map r : QHq{X) — t- QHg{X), which after identifi- 
cation of the equivariant cohomology with symmetric functions QHg{X) = Sym(0^) is 
the restriction map induced by the inclusion g — )■ g. Let l{vj),j = 1, . . . ,k denote the divisor 
classes in H{Ix//g) defined by Vj, see Example 4.8. 
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Lemma 8.8. Let G be a torus acting on a vector space X as above. For any 
such that V G span{— ^j, > 0}} (see (29)j we have 



K 



G,l 
X 



Yl rivjY^^'^^ \ =q'^ Yl KV])'^'^'^'^ + higher order 

where higher order means terms with coefficient q'^' with {d', [iOx,G]) > (d, [ujx,g])- 
Proof. We show 



(45) / n ^(^^■)''^^'^Uev:,a= / n^(^^-^ 



;,-)-^^('^) Ua. 

We compute the left-hand-side by interpreting the first factor as an Euler class 



Yl r(t;j)^^('^) =ev*Eul C'^^'^) 

^ij{d)>0 \Mj(<i)>0 

and counting the zeros of a section. Identifying framed maps with a single marking with maps 
u : A — 7> X, consider the map 

^lj(d)>Q 

whose components are the derivatives of the map at the finite marking. On the stratum 
Ml X,d) of curves with irreducible domain, the intersection it~^(0) maps injectively into 
X//G C Ix//G '^19' evoo- Indeed the assumption on the span of fij,iij{d) > implies that 
^Afl{A,X,d) is non-empty, the equation evoo(ti) = P^x/G fixes the leading order terms (see 
Examples 5.32 and 8.9) and cr{u) = fixes the lower order terms in u. Since eVoo maps smoothly 
onto ©^j.(d)>o 'C^j nX^^/G, the integral (45) is equal to 



/ aU TT Z(i 



-fj.j(d) 



where the virtual integration of [u] is with respect to the virtual fundamental class induced 
from that on the moduli stack. Taking into account the obstruction bundle 

R^p,e*T{X/G)=evl C^f^''^"' 

lijid)<0 

we see that K^'^(n r(vj)"^^^(°'^^ W)) contains a term of the form /(t,j.)max(o -^.(d)) pj^g 
contributions from other strata and components of the moduli space of other homology classes. 

We check next that there are no contributions from boundary strata. On the boundary with 
curves of reducible domain, each map u consists of component ui : Ci X/G consisting of an 
affine scaled map of homology class d' with (d', [wx.g]) < {d, [^x,g]) connecting the marking 
zi to the infinite marking zq, together with bubbles in X//G and possibly other affine scaled 
maps, denote the map given by the derivatives of the curve at the marking. The vanishing 
(t{u) = implies that, in particular, the /ij((i')-th derivative of iti is zero if f^j{d') is integral and 
less than some non-negative fiji^d). The same conclusion holds if lJij{d') < Hj{d) is negative. 
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since in this case the j-th component of ui vanishes identically. On the other hand, since 
{d — d' , [iox,G]) > 0, the set of points in X//G whose j-th coordinate vanishes if fij{d — d') > 0, 
is unstable, see (29). Thus, a~^{0) is empty on the boundary strata and the only contribution 
to the integral above arises from the component of maps with irreducible domain. □ 

Example 8.9. (a) (Projective Space Quotient) If G = acts on X = C^' with all weights 
one, so that X//G = P^~^, then A^^^(A, X) may be identified with the space of /c-tuples 
of polynomials (pi(2:), . . . ,p„(z)) with {pi{z), . . . ,pk{z)) semistable for z generic. We 
obtain a section 

a : AT5^i(A,X,1) ^ ew\{X x X ^ X) 

by evaluating the polynomials and their derivatives at 0. One sees easily that this 
section has no zero6S other tlictn at {c\z^ . . . , c/^ z) for (ci, . . . , Cfc) 7^ 0, which lies in the 
open stratum of maps with irreducible domain. In particular, 

/ evJ(X X X ^ X) U ev:,([pt;,//d) = 1 

which implies that k-^ (^ ) = q where is the generator of QHq{X) = A*^[^]. 
(b) (Weighted Projective Line Quotient) Let X = C2 C3 and G = so that X//G = 
P[2,3]. Let 01 resp. 62 resp. ^3 resp. 0| denote the generator of the component of 
QH{X//G) = H{Ix//g) ^x//G with trivial isotropy resp. Z2 isotropy resp. corre- 
sponding to exp(zb27ri/3) € Z3. Let ^ € Hq{X) denote the integral generator. On each 
stratum of class j the section a given by the derivatives of order less than j at the 
finite marking than has a single, transverse zero in the locus of maps with irreducible 
domain, by the description in Example 5.32. On the other hand, a has no zeroes in the 
boundary strata, since any boundary stratum has a component Ci containing the finite 
marking on which u restricts to an affine gauged map with class j' < j, and vanishing 
of a implies that the leading order terms vanish, so that u\Gi cannot be semistable at 
the node connecting Ci with the root marking zq. Hence 



K 



^'^(1) = h4'\o = oi, 4''i^') = 9'/'^3/6, 



X vs; — "'i) ^x 

= 4\e) = q'/'el/36, 4'\e) = g/108. 

In particular, we see that k^' is surjective and the kernel is — g/108, hence 

QH{¥[2, 3]) = Q[e] <S) - q/m 

which is a special case of Coates-Lee-Corti-Tseng [18]. 

Remark 8.10. (a) (Quantum Kirwan surjectivity) We conjecture the quantum analog of 

G 1 

Kirwan surjectivity, namely that k-^ is surjective onto the orbifold quantum cohomol- 
ogy QH{X//G) of the quotient X//G. We have worked out some special cases with 
Gonzalez in [34], but the general case seems quite difficult. 

(b) (Quantum reduction in stages) One natural expects a quantum analog of the reduction 

G I G' G G' c 

in stages theorem: If G' C G is a normal subgroup then i^x://G'°'^x ~ '^x • Q^g{^) ~^ 
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QH{X//G) in the sense of (14). That is, we have a commutative diagram of CohFT 
algebras ^ 

QHg{X) QH{X//G) 





QHg,g'{X//G' 



8.3. The adiabatic limit theorem. We show the adiabatic limit Theorem 1.5, using a divisor 
class relation on the moduli stack of stable scaled curves Mn,i{C) relating curves with finite 
and infinite scaling. Note that divisor class relations in one-dimensional source moduli spaces 
have already been used to prove the associativity of the quantum products, as well as the 
homomorphism property of the quantum Kirwan morphism. 

Q 

Recall from Theorem 5.35 the stack A4„ ^(C, X) of scaled gauged maps from C to X. Under 

the stable=semistable assumption it has a perfect relative obstruction theorem over lUl|^]^(C), 
whose complex is dual to Rp^:U*T{X/G). 

Definition 8.11. If every polystable gauged map is stable then the scaled gauged Gromov- 
Witten invariants for a G Hg{XY,(3 G H(Mn,i{C)) 



{a,(3)d,i,E= ev*aUr/?Ue(^). 
J\M„,(C.XM 



l[M':,j{C,X,d)] 
Define 

r --QHciXr xH(Mn,i{G))^A%, (a,/3)^ ^ q'^ia, f3)d,i,E 

for a G Hg{XY, extended to QHg{XY by linearity. 

More generally there are invariants for arbitrary combinatorial type that satisfy the splitting 
axioms as in 7.15, 7.18 whose proof is similar. It follows: 

Theorem 8.12. The invariants {4>^)n>o define a 2-morphism from the composition tx//g,e//g° 
'^XE "^x E sense of 2.48. 

The adiabatic limit theorem Theorem 1.3 follows from Theorem 8.12, in particular from the 
divisor class relation 

r 

(46) [Mn{C)] = [Ur,ii,,...,i^iMriG) X J] |,i (^)] e H(Mn,i{C)) 

from Proposition 2.47. 

9. Localized graph potentials 

In this section we make contact with the hypergeometric functions appearing in the work 
of Givental [31], Lian-Liu-Yau [55], Iritani [39] and others which compute the graph potential 
of the quotient, by studying the contributions to the localization formula for the circle action 
on the moduli spaces of gauged maps on the projective line. Note that in contrast to [31], [55] 
etc., the target can be an arbitrary projective (or in some cases, quasiprojective) G- variety. 
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The basic idea is to examine the action of on the moduh stacks of gauged maps from P to 
X induced by the standard action on P. The virtual locahzation formula expresses the result 
as a sum over fixed point contributions, and comparing the contributions to the adiabatic limit 
Theorem 1.3 one obtains a stronger result which generalizes the "mirror theorems" of [31], [55], 
[39]. 

9.1. Liouville insertions. First we introduce a "Liouville class" in the definition of the graph 
potential, which helps to separate out the contributions from the various fixed points. Similar 
insertions appear in many places, for example, Witten's treatment of two-dimensional gauge 
theory [96]. We first consider the case of ordinary Gromov-Witten theory with target X. 
Denote the universal curve and evaluation map 

exec 

Cn{C,X) ^ XxC 

p 

Mn{C,X) 

Definition 9.1. (Liouville class and invariants with Liouville insertions) Let7€-ff^(X). The 
Liouville class associated to 7 is 

A(7) =exp(p,(e*7Ue^[u;c7])) G J^g(M„(C7, X)). 
Replacing the virtual integrals in the definition of the graph invariants with virtual integrals 

ev*wU/*/3Ue(£;) U A(7) 

ic,x)] 

gives rise to graph invariants "with Liouville insertions" 

(47) H{Xr X H(MniC)) C5 H\X) ^ Q[C, C\ 

{a,P,l)E,d= f_ ev* a U r /3 U A(7) U e(S) 

J[Mu{C,X,d)] 

where is the equivariant parameter for scalar multiplication on the fibers of Rp^u*E. 
A similar definition of Liouville classes holds for stable gauged maps: 

Definition 9.2. (Gauged Liouville class and invariants with Liouville insertions) Any class 
7 G Hq[X) gives rise to a gauged Liouville class 

A(7) = exp(p,(e*7 U ehM)) G H(M^{C, X)). 
These give rise to invariants 

(48) H{Xr X H{M^{C)) ® H\X) ^ Q[C, C\ 

{a,l3,l)E,d= f_r ev* a U r /3 U A(7) U e(£;) 

J[M°{C,X,d)] 

One could also take an odd class on C instead of [wc], restrict to maps of a fixed combinatorial 
type etc. but these possibilities will not be discussed here. 
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9.2. Localized equivariant graph potentials. In this section we discuss the extraction of a 
fundamental solution to the quantum differential equation from the graph potential, following 
e.g. Givental [31]. Let X be a smooth projective variety, or more generally, a smooth proper 
Deligne-Mumford stack with projective coarse moduli space. Let C = P be equipped with the 
standard action with fixed points 0, oo G P. Denote by h the equivariant parameter corre- 
sponding to the C^-action. The notation is justified by the observation that the localization 
contributions given rise to a solution to the quantum differential equation (4). However note 
that the formal parameter q is also a "quantum parameter". The graph potential tx has a 
natural -equivariant generalization 

: QH{X) x H^. (M,(P)) x H\X) ^ AxUh]]. 

For simplicity we restrict to the untwisted case, that is, E trivial. Following Givental [31] 
the -equivariant graph potential can be computed via localization and is related to the 
fundamental solution of the quantum differential equation. The class [wp] € i?^(P) has a 
unique equivariant extension [wp cx] S -ff^x (P) taking values resp. h in H^x (pt) = Q[h] after 
restriction to resp. oo in P. The following is well-known, see for example Givental [31]. 

Proposition 9.3. (Fixed points for the C^-action on graph spaces) The induced action ofC^ 
on A4nOP,X,d) has fixed points given by configurations u consisting of a principal component 
Co = P on which the map u is constant, an ri- -marked stable map u_ : C_ X of degree (i_ 
attached to G P, and an -marked stable map U- : C_ X of degree d- attached to oo € P 
with + dj^ = d and n_ + n_|_ = n. 

Lemma 9.4. (Restriction of Liouville class to fixed points) The restriction of A(7) to a 
component of the fixed point set consisting of a stable n_ + l-marked map of degree d„ attached 
to € P, a constant map from P to X, and a stable n_|_ + 1-marked map of degree d+, is equal 
to exp((d+,7)). 

Proof. Since the restriction of p*{e*j U e^[a;c']) to such a component is (7, d+). □ 

Definition 9.5. (Localized graph potentials) Define the localized graph potentials as the fixed 
point contribution to r-p £x{a,^) from resp. 00 from the components at resp. 00 

Tx,± : QH{X) ^ QH{X)[[h-^]] 

by push-pull over the fixed point component given by J^o,n+iiX,d) attached to a constant 
map G P: 

Tx,±{a,q,h) := '^{l/n\)Tx^±{a, . . . ,a,q,h) 

n>0 

where 

n 

Tx^±iai,...,an,q,h) = ^ g°'ev„+i,*(=FM±^ - V'n+i)""^ IJ ev- a^) 

d(^H^{X,Z) j=l 
and tpn+i € i?^(A^o,n+i(^5 d)) is the cotangent line at the n -\- 1-st marked point. 
Lemma 9.6. (Properties of localized graph potentials) For a G H{X), 7 G Hq{X), 

(a) (Duality) Tx,+ {a,q,h) = Tx-{a,q,—h). 

(b) (Pairing) r^"" {a, 7, q, h) = /j^j - (a, q, H) U Tx,+ {a, qe^ , h) U exp(7). 



QUANTUM KIRWAN MORPHISM AND GROMOV-WITTEN INVARIANTS OF QUOTIENTS 109 

Proof. The pairing formula follows from the virtual localization formula [35] for the -action 
on 7Wo,n(lP) using the description of the fixed points in Proposition 9.3 and the formula for 
the restriction of A(7) in Lemma 9.4 which produces the shift in q. □ 

Proposition 9.7. The components ofTx.± give solutions to the quantum differential equation 
(4) for the Frobenius manifold associated to the Gromov-Witten theory of X. 

This is a consequence of the topological recursion relations, see Pandharipande [78]. 

9.3. Localized gauged graph potentials. In this section we define a gauged version of the 
localized gauged potential. First we introduce the equivariant version of the gauged graph 
potential. 

Definition 9.8. (Liouville class and invariants with Liouville insertions) Any class 7 € Hq{X) 
gives rise to an equivariant class 

A(7) =exp(p,(e*7Ue^[u;c,cx])) G //cx (M^(C, X)). 
Inserting this class in the integrals gives rise to gauged trace maps with Liouville insertions 
r^'^''" : HciXr X Hc4Mn{C)) x H^X) ^ Q[[h]] 

(«,/3,7)^ J2 1" I a ev*aUr/3UA(7). 

The resulting potential, as in Givental [31], admits a "factorization" in terms of contributions 
to the fixed point formula near and 00 in P; the statement and proof take the remainder of 
this subsection. 

Q 

The fixed point locus of the action on 7W„ {¥,X,d) is described in the lemma below. 

Definition 9.9 (Clutching construction for gauged maps from P). Given one-parameter sub- 
groups 4>± : ^ G and an element xSX, let (CxG, u-t :C^X) denote the gauged maps 
over C given by u±{z) = (l)±{z)x. Let P{(j)-\-,cj)-) denote the bundle with clutching function 

4>+{z)4>-{z-^)-\ 

P(</.+ ,<A-) = (CuG) U^^^-i (CUG) 

ir*±u{(l)+,4)_,x)){z) = (l)±{z)x 
where r± is restriction to the open subsets C near resp. 00. 

Lemma 9.10. (Every fixed point arises from clutching) Any -fixed element [P, u] G A^'-^(P, X)"^ 
is of the form P = P{(j)^,(f)-),u = u{(p-^.,(j)-,x) for some (f)^,(f)-,x as in Definition 9.9. 

Proof. The section u is fixed up to an automorphism of P which must be given in trivializations 
near 0,oo by characters (j)± : ^ G. Since the section is global, the clutching map is 
MZ^. □ 

To investigate the stability of a map formed by the clutching construction in Lemma 9.10, 
we restrict to the case that G is a torus with Lie algebra g and weight lattice C g^. 

Definition 9.11. Identify the first Chern class ci(P) € H'^{C,A^) with an element of A^ via 
tensor product with the fundamental class of C. 
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(a) (Shifted polarization) ci{P) defines a shifted polarization on X, given by tensoring tlie 
given polarization L — > X with the rational character given by p~^ci{P). In terms of the 
moment map description, the corresponding quotient is the inverse image of p~^ci{P), 
modulo the action of G. 

(b) (Shifted semistability) We say that a point x £ X is shifted semistable if x is semistable 
with respect to the shifted polarization. 

(c) (Shifted git quotient) Denote by X // p-i ^^(^p-^G the git quotient with respect to the shifted 
polarization. 

Lemma 9.12. (Semistability of gauged maps formed by clutching) Suppose that (j)± : 

G and x is a point such that limz^o <j)±{z)x exists. Then the pair (P = P{(j)-,(j)^),u = 

u((p-,x—, given by the clutching construction is Mundet semistable iffx is shifted semistable. 

Proof. With (P, u) as in the statement of the Lemma, the limit of u{z) with respect to any 
one-parameter subgroup in the maximal torus containing A satisfies /pj(Gr(u) o <I>[a;c'] + 

p~^ci{P), X) < 0, iff u{z) is shifted semistable for z G C^. Since n(l) = x, the lemma 
follows. □ 

Corollary 9.13. (Clutching description of the circle-fixed gauged maps) Each component of 
Ai^ } 1 '^)'^^ ^■^ isomorphic to X// p-i(^^^(^p^^G with evaluation maps given by lim2_j.o (/>±(2:)x 

for some one-parameter subgroups (j)± : — )• X. Furthermore, each component of M.^ (P, X, d)'^ 
is isomorphic to a fiber product 

(Mo,n-+l{X,d^) XxM^'''{F,X,dof'' XxMo,n++l{X,d+))/G^ 

for some d^ + do + = d and n„ -|- n_|_ = n. 

Proof. The fixed points corresponding to data ((/>_|_, </>_, x) such that the corresponding sections 
4'±{z)x extend over 0. The second decomposition describes the bubble trees attached to 0, oo. 

□ 

Example 9.14. (Projective space quotient) Let X = with G = acting diagonally. There 
are no holomorphic curves in X, hence d± always vanish. The moduli stack of gauged maps 
of class d G H^{X,Z) ^ Z is p^'^+^-i, the projective space of fc-tuples of polynomials in two 
variables of degree d. The group by pull-back, with fixed point set X, d)'^^ the union 

of projective spaces of A;-tuples of homogeneous polynomials of some degree i = 0, . . . ,d, each 
isomorphic to P*^^^. Thus 0_ = i, = d — i, and the isomorphism is given by evaluation at a 
generic point. 

Lemma 9.15. (Restriction of gauged Liouville classes to fixed point components) The restric- 
tion of X{-f) to a fixed point component of M„ (P, X) consisting of stable n_ + 1-marked maps 
of degree d- attached to E P, maps from P to X/G given by data ((/>_, x, 0+), and stable 
n+ -|- 1-marked maps of degree d+, is equal to exp(((i+ -\- (j)+,j)h). 

Proof. Since the restriction of p*(e*7 U e^[a;c']) to such a configuration is (7, d+ + 4>+)h: the 
term (7, d+) arises from the integration over the bubble attached to 00 while the second arises 
from integration over the principal component, which may be computed via localization for the 
-action which has a single fixed point with restriction of [ooc] given by h and restriction of 
e*7 given by (7, i?^+)/i. □ 
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We can describe the fixed point set of the -action in terms of the data ^± and bubble 
trees attached to the fixed points alternatively as follows. 

Definition 9.16. (Localized stack of gauged maps) Let X, (i±)±^ be the stack of pairs 

{P, u) consisting of a principal G-bundle on P on the principal component given in terms 
of trivializations P\C± = C± x G by a transition map given by a one-parameter subgroup 
0± : — 7> G, a section u constant in the trivialization over dp, and all markings and bubbles 
over resp. oo. Denote by 

(49) ev±,oo : A^?(P, X, d±)f ^ X/G 

the evaluation map at G dp. Since u is constant in this trivialization, the evaluation map 
takes values in the shifted git quotient X// p-i^G. 

Remark 9.17. (a) (Fixed point sets as fiber products) From the description of the fixed 
point sets above we see that 

(50) M^,{^,X,dr = U U 7W^jP,X,ci_)S'^ X(^//^_^^^^o)AT^^(P,X,d+)f 
where the fiber products use the evaluation maps (49). 

Q 

(b) (Localized stacks as fixed point components) By taking 0^ = one sees that M.^^ (P, X, d±) 

is a component of A^^^(P, X, d-t)*^^ and so proper and equipped with virtual funda- 
mental classes. 

Definition 9.18. (a) (Normal complexes) Let N±{n±,d±) denote normal complex of the 
embedding of (P, X, d-t)^^ in (P, X, d-t). Splitting the normal complex into 
the contributions from deformations of the map, deformations of the node at the prin- 
cipal component, and deformations of the attaching point to the principal component 
we have 

N±{n±,d±) = {Rp,u*{T{X/G))))+ ®T^^C ^T^_CP ®T^^C 

where {Rp^u*(T{X/G)))^ is the moving part (under the action of C^) of the index of 
the tangent complex of X/ G and w± £ C are the preimages of the node connecting to 
the principal component at in the normalization G'', so that Wj^ = in the principal 
component identified with G. 

(b) (Euler class of the normal complex) The Euler class of N±{n±,d±) is, assuming the 
existence of a bubble attached at € G, 

Eul((i2p.n*(T(X/G))))+)(±;i)(V T K) 

where ?/' is the cotangent line of the node of the bubble component at 0. 

(c) (Localized Gauged Potentials) The localized gauged potentials the contributions 
from the configurations with dip = 0: 

(51) r£± : QHg{X) ^ QHG{X)[[h'% T^^^{a,q,h) = J](l/n!)T^;^(a, . . . , a, g, n) 

n>0 

T^;±(ai, . . . ,an,q,h) = ^ g'^ eVoo,*(evi ai U . . . U ev* a„ U Eul{N±{n±,d±))~^ . 
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We now establish the relationship between the localized gauged potentials and the gauged 
graph potential. 

Definition 9.19. (Shifted pairing) Define on QHg{X) a shifted pairing 

( , )p : QHg{X) X QHg{X) ^ Q 

given by 



p-l7r(ti)'-'l 

where T^(d) G H2{BG) is the image of d € H2{X) (that is, the first Chern class of the bundle) 



and 



is the classical Kirwan map for the git quotient X// p-i^^^-^G, which we assume is locally free 
for all d. 

Proposition 9.20. (Properties of localized gauged potentials) 

(a) (Duality) T^^^{q,a,h) = T§_{q,a, -h). 

(b) (Pairing) r^'*^ {a,j,q,n) = {T^_{a,q,h),T^_^{a,qe'^,h)p. 

Here the pull-back action exp{h'j) S H2{X,'L) on A^[[/i]] is 

(/(?) = Y.^dq'') ^ (/(gexp(;i7)) =Y.Cdq''eMK7,d))). 

Proof, (a) The automorphism z i-^ 1/z relates the stacks A4n(^,X,d)^^ , inverting the circle 
action and changing the class exp(p^e*7 U e^Wc^x)) by exp{{-f,d)h). (b) is a consequence of 
localization and (50). □ 

Example 9.21. (Localized gauged graph potential for toric quotients) Let G be a torus acting 
on a vector space X is a vector space with weights fj,i, . . . , fj.^- Expanding the definitions of the 
Euler classes we have 



The function _{a,h,q) for a G Hq{X) can be computed as follows. Since there are no non- 

Q 

constant holomorphic spheres in X, the evaluation maps evi, . . . , ev^ are equal on A^„ (P, X)_ . 
It follows that the pushforward of ev* a^^/{h — ip) under evoo,- is equal to 

(52) a"(/i)"2 [_ (V'„+i/;i)"-2. 

J [A/o,n+l] 

This integral can be computed iteratively by pushing forward under the maps fi forgetting 
the i-th. marked point for i < n. We have the relation for the first Chern class V'n+i of the 
cotangent line at the last marked point in A^o,n+i 

V'n+l = /rV'n + [^{0,i,n+l}U{l,...,i,...,n}] ^ H(Mo,n+l)- 
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The divisor class is degree one in any fiber of the forgetful map fi and it follows that the 
integral (52) is equal to (a//i)". This implies that for a G Hg{X) 

Tx-{a,h,q) = exp{a/h)Tx-{l,h,q). 

Thus Tx _ is Givental's I -function, see [32]. A special feature of the case X affine (so no sphere 
bubbles) is that this relation holds for a of arbitrary degree, not just divisor classes. 

9.4. Localized adiabatic limit theorem. We prove the refinement Theorem 1.6 of the adi- 
abatic limit Theorem 1.5 by comparing the fixed point contributions to the graph potentials. 
Define a C ^ -equivariant extension of the quantum Kirwan map 

^X,G : QHciX) ^ QH{X//G)m] 

Q 

by pushing-forward over A4j^{A, X) C ^ -equivariantly, as follows. Choose a base point in A, 
inducing an identification A ^ C and so a -action on A. The action induces an action 
on A4^{A,X), given by pre-composing each morphism with the action. Equivalently, the 
action is given by acting by scalar multiplication on the one- form A, and so extends to the 

Q Q 

compactification A4^{A, X). As a result, the virtual fundamental class for A1„(A, X) has a 
C^-equivariant extension which can be used to define C^-equivariant extension of k.x,g- 

Q 

Lemma 9.22. (Existence of a circle action on the master space) The -action on (P, X) 

Q Q 

extends to A^„i(P, X) so that the action on the suhstack M.^{¥,X)oo is the action induced 

Q Q 

from the action of on the factors Mi.^i{A,X) and Mj. {F,X//G). 

Proof. It suffices to check that the -action is induced from a -action on the universal 
curve £„^i(P) — )• 9Kn,i(P). For this note that the C^-action on P induces an action on stable 
maps to P, by composition, and on the relative dualizing sheaf. Hence acts on C„^i(P), and 
for the substack Mn(F,X)^ consisting of fiber products of Mf. i{A,X) and 'M^{¥,X//G), 

the action is given by rotation on P and action on the one- forms in the objects of M^^^ i{A, X), 
as claimed. □ 

The proof of the adiabatic limit theorem goes through C ^ -equivariantly, with Liouville in- 
sertions, by the same argument. In particular, the class A(7) extends to a C^-equivariant class 

Q 

on A4j^i(F,X,d). From the divisor class relation one obtains a C^-equivariant extension of 
the equality 

(53) lirn r^''^'''"(a,/3) = ^ r'^'j^ ^{k^'^^'^ {a i,, ■),..., n^'^^^'^ai^, ■), 

^ lh,-,Ir] 

In the proof below we compare the fixed point contributions from both sides. 

Proof of Theorem 1.6. The equality in Theorem 1.6 follows from a comparison of the terms in 
the virtual localization for the action in the adiabatic limit formula. More precisely, we 
wish to extract the "lowest order" part of the equality arising from the localization formula, 
using Liouville insertions. 
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Consider the equality (53). As a function in the parameter h, both sides are finite Unear 
combinations of polynomials times exponentials. By Fourier transform, the contributions with 
the same exponents must match for any a, f3. We choose 

n 

(5 G /7^'(M„+i(P)), /3 = J]ev;^iexp([t^p,cx]) UevJ^„+Joo] 

i=l 

where [oo] is the dual class of the point oo S P and evp^j : Mn+i (IP) ^ P is the i-th evaluation 
map. For 7 = [wx.g] G ^ci-^) Kahler class, the values of the equivariant part of A(7) on 
the fixed point components of M^n+i{^, X//G) range from 1 when = d to exp((d, [ujx,G])fi) 
when d^ = d, by Lemma 9.4. Similarly, the values of the equivariant part of A(7) on the fixed 

Q 

point components of on 7W„ (P, X) range from 1 when d- = d,(f>+ = to exp{{d, [ojx.g])^) 
when + (/>_)_ = d, by Lemma 9.15. Finally, the values of evp ^ exp([a;p ^x]) range from 1 to 
exp{h), if the i-th marked point maps to 00. 

Q 

We compute the integral over A^„(P, X)oo by first pushing forward to A4r (P, ^//G), and 
then applying the localization formula. The lowest order terms arise from bubble trees attached 
only at G P. In particular, the coefficient of the term with minimal exponent ((i+ = (p.^. = 
and the first n markings mapping to G P) must match the contribution from configurations 
with minimal exponent on the right-hand-side, consisting of configurations with the first n 
markings mapping to G P and trivial homology class of the gauged map attaching to G P. 
This implies 

(54) V / (rJ,/^''_(K;5'-^^'(a/^,l),...,Kj''^'''(a7^,l))U«;^''^^''''(a„+i)) 

[/„...,/.,{n+l}] ^W^l 

1- / / G, class G,n\/ \ , , G, class/ \ 

= hm / (k^ or^'_)(ai, . . . ,a„) U (ooo)- 
P^°° J{X//G\ 

Summing over n with ai = . . . a„, = a and a^+i = c«oo gives 

/ / G\/ \ I I G, class/ \ 1. / / G, class G \t \ \ i G, class/ \ 

/ (t"x//g- o'^x)(a) Ukjy' (ooo) = hm / (k^ otj^ )(a)UKy [a^) 
J[X//G] P^°°J[X//G] 

hence Theorem 1.6. □ 

The localized adiabatic limit Theorem 1.6 allows us to deduce relations in the quantum 
cohomology algebras, although these relations are rather non-explicit unless is known. 
Namely, recall that any differential operator annihilating the localized graph potential Tx//g,- 
defines relations, see for example [31], [40] etc. 

Corollary 9.23. (Relations on quantum cohomology algebras) Suppose that O is a differential 
operator on QHg{X) that admits a push-forward under (k^)* to a differential operator on 
QH{X//G). (For example, □ could have coefficients in A^.j 

(a) (Annihilation at a point) // □ annihilates 

(55) : QHg{X) ^ QH{X//G), a ^ 1™ -) 
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at a ^ QHg{X), then (K^)*n annihilates tx//g- '^^'^ symbol S((K^)^,n) 

of {i^x)*° satisfies *^G(„) tj^/g ,-(«) = 0. 

(b) (Annihilation on big quantum cohomology) If{K'^)^0 annihilates 3 ^ ctalla G QHg{X), 
then is a relation in T^g (^^-^Q H {X // G) for all a. 

(c) (Annihilation on small quantum cohomology) If (K^)^n annihilates 3^: '^^ '^^^ ^ ^ 
QH'^{X), and QH{X//G) is generated by the image of QH^{X), then S((Kf )*□)(«) 
is a relation in T^c^(^^'^QH{X//G) for all a € QHq{X). 

Proof. Suppose □ is a differential operator as in the Corollary part (a). That (kx)*^ annihilates 
Tx//G.~ follows from Theorem 1.6. The relation on the principal symbol follows from the 
fact that Tx//G,- is a fundamental solution to the quantum differential equation (4), and so 
differential operators transform into quantum multiplications at K^(a). That the principal 
symbol defines relations follows as in [31], [40, Theorem 2.4], using that tx//g.- generates the 
quantum cohomology resp. derivatives of tx//g,- in the directions (-DK^)(a),a G QHq{X) 
under the Qff^(X)-generation hypothesis. □ 

Remark 9.24. (a) (Alternative proof without the localized adiabatic limit theorem) An al- 
ternative proof of items (b), (c) is given as follows: because annihilates (resp. 
restricted to QHq{X)), it annihilates the Hessian of the gauged graph potential r^, 
hence by the adiabatic limit Theorem 1.5, {Kx)*^d annihilates the Hessian of the graph 
potential Tx//g (resp. on the image of QHq{X)). As explained in Givental [31], the 
Hessian gives a fundamental solution to the quantum differential equation and so the 
corresponding product vanishes in QH^c (^Q-^iXf/G) (resp. assuming generation by the 

image of Qi/^(X).) 

(b) (The curvature is not necessarily small) The point k^(0) G QH{X//G) does not nec- 
essarily lie in Hq{X) (8) A^ unless X//G is semipositive, so the above proposition gives 
relations not necessarily in the small quantum cohomology of X//G. 

In the remainder of the section we discuss the toric case, that is, X is a complex vector space 
and G is a torus acting on X so that X//G is a smooth proper Deligne-Mumford stack. In this 
case, The identity in Theorem 1.6 seems to be essentially the same as the "mirror theorems" 
in [31], [55], [39] etc. Regarding relations in the quantum cohomology of toric varieties, the 
following is introduced in Batyrev [7]. 

Definition 9.25. The quantum Stanley- Reisner ideal is the ideal QSRx C QHg{X) generated 
by the elements 

n r(t;,)^^W-g'^ n riv^r^^"^ eQHGiX) 

^J.J{d)>0 Hj{d)<0 

for d G H2{X,'L) = qx- Similarly the equivariant quantum Stanley- Reisner ideal is the ideal 
~ G G 

QSRx C QHq{X) generated by the elements 

n vf'^-q'^ n vf'^eQH^iX), 

that is, without restriction to g C g. 
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Remark 9.26. (Why not primitive classes?) Batyrev [7] restricts to primitive classes d corre- 
sponding to collections / C {1, . . . , A;} such that / is a minimal subset such that the product of 
divisors nje/^(^«) ™ ^i-^Z/G)- The approach here seems better suited to the orbifold 

case. It would interesting to find minimal generators for the quantum cohomology of toric 
orbifolds. 



Example 9.27. (a) (Projective spaces) For the usual action of G = on X = C^, we have 
Hq{X,Z,) = Z with positive generator d = 1 and r{vj) = u the coordinate on g for 
j = 1, . . . , k. The quantum Stanley-Reisner ideal QSR^ has generator 

k 

Ylrivj) - q = - q 

i=i 

while the equivariant Stanley-Reisner idea QSR^^ has generator 

k 

Wr{vj) - q = vi...Vk- q. 
i=i 

(b) (Weighted projective line) Suppose that G = acts on X = with weights /ii = 
2,/X2 = 3. Then H2{X) = Z with generator d = 1. We have r{vi) = 2u while 
r{v2) = 3ii. The quantum Stanley-Reisner ideal QSR^ has generator 

2 

Yl r(?;j)^^« -q= {2uf{3uf - q 

while the equivariant Stanley-Reisner idea QSR^^ has generator 

i{vf'^-ci = vlvl-q. 
i=i 

Recall the definition of k^'^ from Remark 8.7. 

Theorem 9.28. The kernel of D^n'^'^ : T^QHg{X) T^G(^^-^QH{X//G) resp. D^k^^ : 
T^QHg{X) T a,Gf ,QHt{X//G) contains QSR% resp. QSR^^ . 

Proof. For d e H§{X,Z) ^ H{BG,Z) ^ let denote the differential operator on 
Qi?2^(X, R) corresponding to d, 

D,= n d^^^'^-q' n ^r'^'^- 

We may identify the coordinates on QH2'{X, M) with the quantum parameters, using the divisor 
equation. Then the operator annihilates the function of Example 9.21, see for example 
Iritani [39], Cox-Katz [19, (11.92)]. It follows from Corollary 9.23 that the corresponding 
product of the tangent vectors maps to zero in T^G(^^-^QH{X//G), and so lies in the kernel of 
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Remark 9.29. (Isomorphism with the quantum Stanley-Reisner ring) In joint work with Gon- 
zalez [34], we show that k^'^ is surjective and QSR^ is exactly its kernel, after passing to a 
suitable formal version of QHg{X), so that T^G(^q^QH(X//G) is canonically isomorphic to the 
quantum Stanley-Reisner ring. Related computations can be found in McDuff-Tolman [63] and 
Iritani [41]. 
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